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Abstract
Solid-state nanostructure thermionic devices offer the potential of reliable and scalable refrigeration and power generation at high efficiencies. Theory is developed
allowing the analysis of thermionic devices with arbitrary ballistic electron transmission. This is used to show that the nature of the energy spectrum of electrons
transmitted in the device has a significant effect on the device performance. Electronic transport in multilayer and nanowire solid-state thermionic devices is considered in detail.
Devices that select electrons for emission according to their total momentum,
in contrast to conventional devices in which selection is based on longitudinal momentum only, are shown to be superior in a number of ways. While the efficiency
of conventional devices is shown to be limited to values less than the Carnot value,
total momentum filtered devices may achieve the Carnot efficiency. Total momentum filtered devices also have a more easily optimised electron energy spectrum and
produce significantly higher currents than conventional devices.
In any thermionic device it is shown that electronic efficiency is increased by
transmitting a narrower range of electron energies and using a transmission probability that sharply rises to full transmission. Conditions for maximum power and
efficiency with losses are also presented.
It is shown that the formalisms used to describe thermionic and thermoelectric
devices reduce to the same form when considered over distances around the electron
mean free path. This implies that both have a similar dependence on the nature of
the electron energy spectrum.
Wide single-barriers are shown to give electron energy spectra that rise sharply.
Analysis of a number of barrier potential profiles reveals that structures yielding
electron reflection above the barrier are undesirable. It is suggested that short-period
superlattice barriers, which may have reduced thermal conductivity for enhanced
performance, might be the best barrier structure. These are analysed and it is
discussed how they should be structured for good electronic transport.

iii
Equations for thermionic emission in heterostructure nanowires are derived and
used to propose a correction to measurements of nanowire barrier heights. Calculations predict that, in principle, appropriately doped thin nanowires are capable of
outperforming conventional thermionic devices. Quantum dot embedded nanowires
are then considered and their energy levels discussed in detail. It is proposed that
such a device may be used for a low-temperature proof-of-principle experiment to
measure efficiency approaching the Carnot limit.
Finally, it is shown that the electron energy spectrum principles developed apply to more than just solid-state thermionic devices by considering nanometre-gap
vacuum thermionic refrigerators and hot carrier solar cells. The general principles
explored in this thesis are therefore likely to be relevant to other energy conversion
devices.
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Chapter 1
Introduction
Table 1.1: Fundamental physical constants.

1.1

Quantity

Symbol

Value

Units

Elementary charge

e

1.6022 × 10−19

C

Mass of electron

me

9.1094 × 10−31

Kg

Planck constant

h

6.6262 × 10−34

Js

~ = h/2π

1.0546 × 10−34

Js

Boltzmann constant

kB

1.3807 × 10−23

JK−1

Speed of light in a vacuum

c

2.99792458 × 108

ms−1

Permittivity of free space

ε0

8.8542 × 10−12

C2 N−1 m−2

Background and motivation

In its simplest form, a thermionic device consists of two electrodes at different temperatures, which are separated from one another by a vacuum gap or a layer of
semiconductor material. Thermally excited electrons are emitted from the electrodes and some may travel ballistically to the opposite electrode taking heat with
them. If current flows from a hot electrode to a colder electrode through a load doing work, the device operates as a power generator. If current is driven through the
1
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device in the opposite direction, the cold electrode will be cooled, with the device
acting as a refrigerator.
Although numerous refrigeration and power generation technologies already exist, thermionic devices offer many advantages over them that provide motivation for
their development. The best established method of refrigeration is the gas-based
compressor refrigerator, which is capable of achieving high efficiencies. This device
uses mechanical parts to operate and is very bulky. Thermionic refrigerators have
no moving mechanical parts and have the potential for extremely reliable operation,
requiring little or no maintenance over very long periods of time. The lack of moving parts also means thermionic refrigerators can operate silently. Additionally, they
may be built to almost any size, from the large-scale appropriate for industrial or
domestic refrigeration, to the micro-scale. The development of very small thermionic
refrigerator devices would reveal a wide array of new, previously inaccessible, applications. One example is the cooling of hot spots in integrated circuits, such as
computer microprocessors. With processing power ever increasing, the dissipation
of heat is a significant issue preventing the advancement of the technology. The
inclusion of micron-scale integrated thermionic coolers inside the microprocessors
could be a highly significant advance, allowing higher clock speeds to be realised.
Gas-based refrigerators also typically rely on environmentally unfriendly gases for
their high efficiency operation. In a time of ever growing concern over global warming, it is desirable to use an alternative refrigeration technology, such as thermionic
refrigeration, which is environmentally sound.
Thermoelectric devices are very similar to thermionic devices in that electrons
or holes are used to transport heat through the device. Electronic transport in thermoelectric devices is diffusive, with collisions heating the device and reducing efficiency. Thermoelectric refrigeration has been used for the temperature stabilisation
of semiconductor lasers used in the telecommunications industry. However, good
thermoelectric materials may not be integrated with the semiconductor laser devices,
increasing the cost of devices due to packaging requirements. Thermionic coolers
made from the same materials as the laser, so they may be integrated with it during the manufacturing process, might prove much more cost-effective. Thermionic
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devices also offer greater flexibility than thermoelectric devices in tailoring the electronic properties of the device and therefore have the potential to realise higher
efficiencies.
Thermionic power generators also have the potential to find significant new applications. Should higher efficiencies be realised, they may replace thermoelectric
power generators such as remote petrol and nuclear fueled units. In large scale
power generation plants, a significant amount of the heat generated is lost during
the process, reducing overall efficiency. The scalable nature of thermionic power
generators suits them to being used in areas where this heat loss could be harnessed
to generate useful power and enhance overall plant efficiency. In a similar manner, a thermionic power generator could be integrated into the exhaust system of
an automobile to convert wasted heat into power that could be used to supply its
electrical systems. Again, with ever increasing concerns over the environment, such
improvements to power generation and automobile efficiencies could have a significant impact. Small scale thermionic power generators might also be used for novel
applications such as generating power using human body heat, either internally or
externally, to supply future devices.
As can be seen, there are many potential advantages and new applications of
thermionic devices that might have a highly significant impact. Higher device efficiencies are required, however, if they are to find mainstream application. In this
thesis this need is addressed, with theory being developed and applied to devices to
show how their efficiency can be improved.

1.2

Objectives and scope of this research

The objectives of this thesis are to develop theory enabling the role that the electron energy spectrum in ballistic thermionic devices plays to be examined, use the
principles learned to analyse electronic transport in solid-state thermionic devices
and suggest ways to improve device performance.
The line between what constitutes a thermionic device and what constitutes a
thermoelectric device has become difficult to distinguish. Although different defini-
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tions may exist, for the purposes of this thesis a thermionic device will be considered
to be one where electronic transport between hot and cold electron reservoirs is ballistic. A thermoelectric device is taken to be a device that features diffusive transport
between the hot and cold electron reservoirs. Thermoelectric devices with barrier
structures often incorporate thermionic emission. However, transport between the
reservoirs still involves diffusive processes, which are best described with diffusive
transport formalisms, and for this reason they will be considered thermoelectric
devices here. Although many of the principles developed in this thesis will also
be applicable to thermoelectric devices (as will be discussed where relevant), the
purpose of this thesis is to examine thermionic devices where electronic transport
between the reservoirs occurs ballistically. Systems with barrier widths around the
electron mean free path will therefore be considered. The results could be extended
to multi-barrier or wider barrier systems if desired. The role that the features of
the electron energy spectrum and the method with which electrons are selected for
emission in ballistic thermionic devices will be studied. The primary application
of interest is solid-state thermionic refrigeration and two classes of semiconductor
devices are considered in detail. The first is multilayer devices, which are well established in both theory and experiment. The second is nanowire devices that offer
exciting new possibilities in terms of electronic transport, for which theory and experimental techniques are in development. The concepts learned from the analysis
of the electron energy spectrum are applied to these devices and novel ways to realise higher efficiencies proposed. It is important to show that the electron energy
spectrum will also have an important impact in other devices aside from solid-state
devices. This is illustrated by the application of the theory developed in this thesis
to two such devices: nanometre-gap vacuum thermionic refrigerators and hot carrier
solar cells.
It is hoped that this research will provide a new understanding of the role the
electron energy spectrum plays in thermionic devices, providing motivation for the
development of thermionic and other devices that engineer the energy spectrum in
ways not previously done to realise improved performance and new applications.
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Thesis outline

Chapter 2 provides an outline describing the research progress from the thermoelectric effect, through to the current state-of-the-art in thermoelectric devices and the
emergence of solid-state thermionic devices. Advances in thermionic device designs,
comparisons made between thermionic and thermoelectric devices and novel devices
that incorporate other effects are discussed.
In Chapter 3 equations for transport in thermionic devices are derived and discussed. Devices with both conventional thermionic emission and emission according
to total electron momentum are considered. A detailed analysis of the effect the
nature of the electron energy spectrum has on thermionic devices, using the derived
equations, is performed in Chapter 4. Specifically considered are the maximum
achievable efficiency, the conditions for maximum power, the effect of the width
and slope of the spectrum, the maximum efficiency with losses and the effect selecting electrons for emission according to total momentum has on performance. The
similarity between the principles of thermionic and thermoelectric devices is also
highlighted, which means that they will have a similar dependence on the nature of
the electron energy spectrum.
The remainder of the thesis is then devoted to applying the principles learned in
Chapters 3 and 4 to various classes of thermionic devices. In Chapter 5 multilayer
solid-state thermionic devices are considered. Firstly, the effect the barrier width
has on efficiency is analysed as well as experimental measures that might be used to
provide an indication of the nature of the electron energy spectrum. A number of
different device barrier potential profiles are examined and the desirable properties
of the resulting electron energy spectra determined. It is then suggested that a
short-period superlattice barrier structure might be the best solid-state thermionic
barrier and a detailed examination of its electron energy spectrum is provided.
Nanowires, which offer the potential for enhanced engineering of the electron
energy spectrum, are considered in Chapter 6. Equations are derived for thermionic
emission in nanowire systems where there is strong quantum confinement in the
transverse directions meaning the Richardson equation cannot be used. The performance of nanowire thermionic refrigerators is then considered and they are shown,
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in theory, to be capable of better performance compared to multilayer thermionic
devices. The confinement of transverse energy is then utilised to propose a resonant
tunnelling nanowire thermionic device capable of near ideal filtering and efficiency
approaching the Carnot limit in appropriate conditions. A detailed description of
energy levels in the device and a proof-of-principle experiment is provided.
Finally, in Chapter 7, it is illustrated that the electron energy spectrum principles
explored have applications to devices other than solid-state thermionic devices. This
is done by providing an analysis of the electron energy spectra of nanometre-gap
thermionic refrigerators and hot carrier solar cells. It is shown that the electron
energy spectrum principles explored in this thesis must be considered in these devices
also, from which it follows that they will likely also be of relevance to other devices.

Chapter 2
Thermoelectrics and thermionics
overview
2.1

Thermoelectric fundamentals

In 1821, Thomas Seebeck performed experiments showing that when a temperature
difference was applied to a junction of two materials, an electromotive force was
created [6]. This became known as the Seebeck effect, which is characterised by the
Seebeck coefficient (also known as the thermoelectric power or thermopower),
S=

dV
dT

(2.1)

where dV is the resultant open circuit voltage and dT is the temperature difference.
A short time later, in 1834, Jean Peltier observed a cooling effect when an electrical
current was passed through a junction of two different conductors [6]. When current
flows in the reverse direction a heating effect occurs, different to that of Joule heating. This is now known as the Peltier effect, which is closely related to the Seebeck
effect through the Peltier coefficient,
Π = ST.

(2.2)

It is these effects that in essence give rise to thermoelectric power generation and
thermoelectric refrigeration respectively. A high Seebeck coefficient is desirable for
improved thermoelectric performance.
7
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Figure 2.1: Schematics of a thermoelectric device acting as (a) a refrigerator and (b)
a power generator with electrons/holes travelling diffusively between the electrodes.
The direction of conventional current is shown.
In a thermoelectric device, charge carriers (which may be either electrons in ntype materials or holes in p-type materials) travel diffusively across a thermal and
electrochemical potential gradient from what we will regard as reservoirs. Each
charge carrier also carries with it heat extracted from the reservoir from which it
originated. When net current flows from the cold to the hot reservoir by applying an
external potential bias, heat is removed from the cold reservoir producing a cooling
effect. Conversely, if net current flows from the hot to the cold reservoir against a
potential bias, the current may be directed to an external circuit where it can do
useful work. Thus, a thermoelectric device can operate as either a refrigerator, or
power generator.
Practical thermoelectric devices typically consist of n-type and p-type materials
that are electrically in series and thermally in parallel, connected by a metal [7].
Figure 2.1 shows thermoelectric devices operating as refrigerators and power generators.
In a thermoelectric material, heat will also flow through the lattice via phonon
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thermal conduction. In a refrigerator, lattice heat backflow from the cold to the
hot reservoir heats the cold reservoir that one is attempting to refrigerate. In a
power generator, energy from the heat source is lost through lattice phonon thermal
conduction, which yields no useful work. In both cases, efficiency is reduced by the
flow of heat through the lattice. Lattice flow is governed by the thermal conductivity
of the material, which one should attempt to minimise. The thermal conductivity
consists of components due to electrons and the lattice so that the total thermal
conductivity is κ = κe + κl .
Electrons/holes lose energy in a thermoelectric material due to collisions. In
a power generator, this wastes energy that may have done work. It also heats
the lattice, half of the heat from which will flow to the cold reservoir countering
the attempted cooling in a thermoelectric refrigerator. The higher the electrical
conductivity, σ, of a material, the less the energy lost as a result of these collisions.
It may be seen then, that the performance of a thermoelectric device is enhanced
by increasing the Seebeck coefficient and electrical conductivity, and by decreasing
thermal conductivity. This behaviour is encapsulated in the thermoelectric figure of
merit [6],
Z=

S 2σ
κe + κl

(2.3)

which is most often expressed in its dimensionless form ZT . Thus, ZT provides a
convenient measure of the performance of a thermoelectric device and one should
aim for a value of ZT as large as possible. In practical devices, the improvement
of one parameter typically results in the detriment of another making optimisation
a difficult problem. The maximum efficiency of a thermoelectric power generator is
related to the figure of merit through the equation
√
ηC ( 1 + Z T̄ − 1)
ηmax = √
1 + Z T̄ + TC /TH

(2.4)

where TC/H are the cold/hot reservoir temperatures, T̄ = (TC + TH )/2 is the average
temperature and ηC is the Carnot efficiency. The Carnot efficiency is the maximum
efficiency possible between reservoirs for any combination of temperatures TH and
TC due to the laws of thermodynamics. A similar equation exists for the maximum
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refrigeration coefficient of performance (COP) in terms of ZT
√
1 + Z T̄ − TH /TC
COP
√
ηmax =
ηCCOP ( 1 + Z T̄ + 1)
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(2.5)

where ηCCOP is the Carnot COP. From this point, η may be used to refer to both
efficiency when discussing power generation and the COP when discussing refrigeration.

2.2
2.2.1

Relevant advances in thermoelectrics
Emergence of solid-state thermoelectrics

The use of semiconductors for practical thermoelectric devices was first seriously
investigated around 1940 [7], at which time Ioffe and coworkers developed PbTe
which is most useful for thermoelectric power generation [8]. A short time later
Goldsmid and coworkers demonstrated thermoelectric refrigeration using Bi2 Te3
with ZT = 0.67 at 300 K [9]. With the advent of solid solution techniques, devices
utilising Bi2 Te3 alloyed with Sb2 Te3 and Bi2 Se3 were developed around 1960, which
achieved ZT ∼ 1 [9]. In the years since, the alloys have been optimised, but little
progress has been made to increase the bulk figure of merit above ZT ∼ 1 and no
superior material system has been found. Most current commercial thermoelectric
modules are based on these materials.
Due to the relatively low efficiencies realised to date, thermoelectric refrigeration
has been limited to niche applications. Thermoelectrics has proved commercially
viable for low-power refrigeration where portability or noise-free operation are required [10]. Temperature stabilisation of electronic and optoelectronic devices is
another area where thermoelectrics have found widespread application. The materials of choice in such systems are generally Bi2 Te3 -based alloys.
Thermoelectric power generation has similarly been limited to niche applications
due to low efficiency. The most common reason for their use over alternatives is the
fact that they may operate maintenance-free for long periods, sometimes even many
years [11]. One example is a petroleum-fueled generator that might be used to power
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data gathering devices in remote locations. Another is for power generation on extraterrestrial space craft such as the Pioneer and Voyager probes, which utilise multiple
nuclear-heated thermoelectric generators [12]. Although of all bulk materials (of this
era) Bi2 Te3 alloys can realise the highest figure of merit, it rapidly drops at high
temperatures and Bi2 Te3 is not useful above ∼ 520 K [11]. PbTe has the next highest
figure of merit and is useful up to temperatures around 800 K. SiGe, although having
a slightly lower figure of merit, is stable at temperatures up to 1300 K.

2.2.2

Nanostructure thermoelectrics

Recently there has been a resurgence of interest in thermoelectrics research, in a large
part due to advances allowing devices with sub-micron structure to be developed.
Hicks and Dresselhaus suggested that devices with nanoscopic features might be
used to realise figures of merit greater than 1 [13, 14]. They proposed the use of a
superlattice, producing a periodic multi-quantum well potential for electrons [13].
This results in quantum confinement in one-dimension and a band structure for
thermoelectric transport in the direction perpendicular to the superlattice interfaces.
A model was developed to calculate the figure of merit in a Bi2 Te3 superlattice, which
predicted a theoretical potential maximum of ZT ∼ 2.5 with 1-nm quantum wells
and ZT ∼ 5 with 0.5-nm quantum wells. This represents a significant increase over
their calculated bulk Bi2 Te3 value of ZT ∼ 0.5. Other authors have published similar
findings, showing that superlattices can give improved figures of merit [15, 16].
Hicks and Dresselhaus also proposed the use of thin semiconductor nanowires,
which would confine electronic transport to a single dimension. Again using Bi2 Te3 ,
they predicted ZT of around 6 and 14 for square cross-section wires of width 1
nm and 0.5 nm respectively [14]. The cited reasons for the improvements were an
enhancement of the electronic density of states in the energy regions of interest for
thermoelectric transport and increased phonon scattering for reduced thermal conductivity. Similar enhancements were found in calculations performed for PbSe/PbS
and PbTe/PbSe superlattice nanowires [17].
Khitun et al. developed a model to calculate the thermoelectric properties of
quantum dot superlattices, consisting of layers of Si with regimented quantum dots
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separated by wetting layers [18]. Their model included the effects of the quantum
dots on electron and phonon transport, and predicted a doubling in the figure of
merit compared to the bulk value.

2.2.3

Current state-of-the-art in thermoelectrics

Recently a number of experimental breakthroughs in thermoelectrics have occurred,
with ZT values greater than 1 being reported. Hsu et al. developed a thermoelectric
device based on the new bulk material AgPbm SbTe2+m [19]. Although the figure of
merit is very low at room-temperature, ZT ∼ 2.2 was reported at 800 K, higher than
that of any other material in this temperature regime. This is of particular interest
for power generation applications where hot-side temperatures of this magnitude
might be utilised. At room-temperature the use of nanostructures has yielded the
most exciting results. Harman et al. reported a figure of merit of 1.6 with a PbSeTebased quantum dot superlattice material at 300 K [20]. They believe the origin of this
performance gain was the embedded quantum dots, which serve to partially confine
electrons and reduce thermal conductivity through phonon scattering. The highest
figure of merit reported to date, ZT ∼ 2.4 at 300 K, was by Venkatasubramanian
et al. with a Bi2 Te3 /Sb2 Te3 superlattice [21]. The primary reason cited for the
performance gain over the bulk constituents was a significant reduction in the lattice
thermal conductivity in the structure.
As was stated earlier, the previous generation of thermoelectric devices with
ZT ∼ 1 have limited application due to relatively low efficiency. While the new
generation of nanostructure thermoelectric devices with ZT ≈ 2 are likely to find
numerous new applications, their efficiency is likely still too low to have a highly
significant impact. If thermoelectric devices are to revolutionise the refrigeration
and power generation markets, they must match or better the efficiency achieved
by current gas-based methods. This will require ZT ∼ 4 or higher. Thermionic
emission may be one way to realise this.
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Thermionic fundamentals

Thermionic emission was first discovered by Thomas Edison in 1883 in the form of
‘thermions’ emitted from light filaments. It is the process of electrons or ions being
emitted from the surface of a heated material. Electrons are emitted from the surface
if they have enough energy to overcome the work-function, φ, a property inherent
to a material. Schlichter first suggested that thermionic emission might be used to
convert heat into electrical power in 1915 [22]. Early thermionic power generators
were developed using a metallic anode and cathode separated by a vacuum or gas
gap [23, 24, 25]. In such a device, electrons in the anode or cathode with sufficient
energy to overcome the work-function of the material and the vacuum potential
will be thermionically emitted and travel ballistically (that is, without collisions)
to the opposite electrode. If net current flows from the hot cathode to the cooler
anode against a potential, these electrons may be used to do work in an external
circuit. The presence of emitted electrons in the gap produces a repulsive force
felt by electrons in the electrodes. This is known as space-charge accumulation
and results in an additional potential that electrons must overcome in addition to
the work-function [26]. One may attempt to compensate for this effect by filling
the electrode gap with a gas of positive ions such as cesium. Figure 2.2 shows the
potential profile for a vacuum thermionic power generator.
The emission current in such a thermionic device may be calculated using the
Richardson equation [27, 28]
∗

2

J = A T exp



−eφ
kB T


(2.6)

2
where A∗ = m∗ ekB
/2π 2 ~3 is the Richardson constant and m∗ is the electron effective

mass. Ignoring the effect of space charge, the net current density flowing in the
device is calculated by taking the difference between the cathode and anode emission
currents
Jnet = JCa − JAn = A

∗

2
TCa


exp

−e(φAn + V )
kB TCa


−A

∗

2
TAn


exp

−eφAn
kB TAn


(2.7)

assuming that φCa − V < φAn , as is the case in Figure 2.2. Note, that the effective
work-function for electrons leaving the cathode is φAn + V because this is the difference between the cathode Fermi energy and the top of the barrier in this case, as
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Figure 2.2: Schematic of a vacuum/gas gap thermionic power generator. φCa/An
are the cathode and anode work-functions, ∆φ is the additional potential electrons
must overcome due to space charge accumulation, V is the applied bias voltage and
εF is the Fermi energy. Electrons with energies higher than the peak of the potential
barrier are thermionically emitted to the opposite electrode.

shown in Figure 2.2. The effect of space charge can be included by adding ∆φ to
the effective work-function.
As is the case with electrons in a thermoelectric device, electrons leaving an
electrode/reservoir in a thermionic device carry heat with them. This results in
heat current flowing between the electrodes. The net heat current density flowing
from the cathode to anode is [24]
Q̇net = (2kB TCa /e + φAn + V ) JCa − (2kB TAn /e + φAn + V ) JAn

(2.8)

with each electron that leaves the cathode removing the energy required to overcome
the barrier, e(φ + V ), as well as additional kinetic and potential energy it possesses,
which is on average 2kB T in total. Similarly, an electron arriving at the cathode
from the anode deposits the energy it required to overcome the barrier, eφ, the work
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done on it by the bias voltage, eV , as well as the additional potential and kinetic
energy. This will be discussed in greater detail in Chapter 3.

2.4
2.4.1

Thermionic refrigeration
Vacuum thermionic refrigeration

The possibility of using a vacuum or gas-filled thermionic device for refrigeration was
first suggested by Mahan [29]. In this case, a sufficient bias is established between
the electrodes such that net heat current flows from the cold electrode to the hot
electrode providing refrigeration. In Figure 2.2 this would correspond to increasing
V so that electron emission from the hot-side was reduced resulting in a reversal
of the direction of net heat current flow. For a vacuum/gas refrigerator, the net
electrical and cooling current densities out of the cold electrode are




−eφC
−e(φC + V )
∗ 2
∗ 2
Jnet = JC→ − JH→ = A TC exp
− A TH exp
kB TC
kB TH

(2.9)

and
Q̇net = (2kB TC /e + φC ) JC→ − (2kB TH /e + φC ) JH→

(2.10)

respectively where TC/H and φC/H are the cold/hot electrode temperatures and
work-functions. Practical refrigerators with cold reservoir temperatures of around
250 K require emission current densities in the order of 1 A/cm2 . This requires
emitter materials with work-functions of 0.34 V or less [29]. Mahan pointed out
that materials with such low metal-vacuum interface work-functions did not exist
and space charge effects meant that room-temperature refrigeration by this method
was not possible. At higher temperatures (> 500 K), however, he showed that
materials with realistic work-functions of 0.7 V could achieve useful refrigeration.

2.4.2

Solid-state thermionic refrigeration

Shakouri and Bowers suggested the use of semiconductor heterostructures to achieve
the low work-functions required for room-temperature operation [30, 31]. Semiconductor fabrication methods exist that make it routinely possible to achieve material

2.4. Thermionic refrigeration

16

Figure 2.3:

A schematic of a solid-state heterostructure thermionic refrigerator.

C/H

and ∆EC/H are the cold/hot reservoir work-functions, Fermi energies

φC/H , εF

and conduction band offsets respectively, and b is the width of the barrier material.

interfaces with controllable conduction band offsets, down to 0 eV. The Fermi energy
in the electron reservoirs may be set appropriately through controlled doping. The
width of the barrier material should be about equal to the electron mean free path,
λ, for ballistic electron transmission. Figure 2.3 shows a schematic of a solid-state
heterostructure thermionic device. In contrast to vacuum thermionic devices, solidstate thermionic devices will have large losses due to thermal conduction through
the barrier material. The lattice backflow heat current density is given by
Q̇L = κ

TH − TC
.
b

(2.11)

To obtain the net cooling current in a solid-state thermionic refrigerator, this heat
backflow is subtracted from Equation 2.10. Lattice heat backflow is reduced by
using materials with lower thermal conductivity or by increasing the barrier width.
As the maximum barrier width is limited to about the electron mean free path (typically ∼ 100 nm), losses by this mechanism can be high. Solid-state heterostructure
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Figure 2.4: A schematic of a multi-barrier solid-state heterostructure thermionic
refrigerator.

thermionic devices may also be used for power generation.
Mahan et al. later proposed the use of a multilayer solid-state device, where
electrons ‘hop’ one barrier at a time across multiple barriers, each with a width of
about the electron mean free path [32, 33]. A schematic of such a device is shown
in Figure 2.4. With the same overall temperature difference as the single-barrier
device, the multi-barrier geometry allows reduced temperature gradients across individual barriers in an attempt to minimise lattice heat backflow. Calculations
were performed using an approximate model which showed that the multi-barrier
thermionic device had efficiency higher than a thermoelectric device for the parameters they considered. Later, Lough et al. obtained an exact solution for the
system and found that the efficiency of multi-barrier systems was lower than that
of single-barrier systems with the same material parameters [34]. They speculated,
however, that multi-barrier devices may have reduced thermal conductivity due to
increased phonon scattering at interfaces, which could lead to them having higher
efficiency in practice.
Thermionic emission in superlattices with high conduction band offsets has been
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proposed by Shakouri and co-workers as a way to enhance performance [35,36,37,38].
High barriers result in a large density of states above the barrier and highly doped
reservoirs are proposed to produce large emission currents. Vashaee and Shakouri
presented a model for thermoelectric transport in regular superlattices, which was
used to show that such high barrier superlattices provide a significantly improved
thermoelectric figure of merit [38, 39].

2.4.3

Thermionic models

Most models of electronic transport in both thermionic refrigerators and power
generators are based on the Richardson equation [24, 26, 29, 30, 32, 33, 34, 40]. For
single-barrier systems, such analysis is based on Equations 2.9 and 2.10.
Ulrich and Vining developed a model based on the same assumptions made
by the Richardson equation except that it used Fermi-Dirac rather than MaxwellBoltzmann statistics [41]. The resulting equations, based on Fermi-Dirac integrals,
are valid for barrier heights less than 3kB T , where the Richardson equation is not.
Later, they extended this model to include device contact resistance [42]. Efficiency
is reduced not only due to the voltage drop across the contact resistance, but also
due to the heat generated, which heats the cold reservoir. Contact resistance only
plays a small part in the performance of thermoelectric devices. Due to their larger
current densities, contact resistance has a larger impact on thermionic devices and
it is shown that it can have a significant impact on performance. It is a factor that
should be considered when implementing an experimental device.
When they first proposed the multi-barrier system with well-separated mean
free path width barriers, Mahan et al. developed an approximate method to calculate the electrical and cooling currents [32, 33]. They assumed small variations in
temperature and voltage from one barrier to the next so these could be considered
continuous variables then used the Richardson equation to calculate the currents.
A model capable of exactly calculating the intermediate temperatures and voltages,
and the electrical and cooling current densities in a multi-barrier thermionic device
was presented by Lough et al. [34, 40]. The solution to the system is obtained by
numerically solving the Richardson equation for electrical and cooling currents over
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each barrier, noting that they must be conserved.
Mal’shukov et al. developed a model based on the kinetic equation for electrical
transport in a superlattice that allows for the possibility of electrons hopping over
multiple barriers [43]. Their model assumes uniform transmission above the barriers
with no reflections and no transmission below the barrier energy. It is also only
applicable to superlattices with a regular period and regular barrier heights. With
this, they found that electron multi-barrier hopping can enhance the performance
of the device.
Vashaee and Shakouri also devised a model for thermoelectric transport through
regular superlattice [38, 39]. The model was based on the Boltzmann transport
equation and includes transport over the barriers and through quantum levels in
the quantum wells. Two versions were presented, one where lateral momentum was
conserved and another where it was not due to interactions with other electrons and
inhomogeneities. Calculations showed that the figure of merit can be significantly
higher when lateral momentum is not conserved.

2.4.4

Comparisons between thermionic and thermoelectric
devices

A number of authors have provided comparisons between the various parameters
and overall relative performances of thermionic and thermoelectric devices [32, 33,
44, 45, 41]. Different authors report different results and each generally compares
a specific thermionic system to the classic bulk thermoelectric system. One needs
to keep in mind that in more recent work, such as this thesis, new approaches to
thermionic and thermoelectric devices are employed, for which these comparisons
may not be appropriate. Nevertheless, it is important to understand the fundamental commonalities and differences between thermionic and thermoelectric devices
and here we provide an overview of these comparisons.
Mahan et al. provided the first quantitative comparison of thermionic cooling
to thermoelectric cooling in their multi-barrier thermionic device proposal [32, 33].
By linearising their approximate equations for thermionic devices in the small voltage regime, they were able to derive expressions for electrical conductivity, thermal
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conductivity, the Seebeck coefficient and thus ZT . These thermoelectric-style equations were found to give good efficiency estimates compared with their numerical
solutions. Using these equations and ‘reasonable values’ of thermal conductivity
for multi-barrier thermionic devices, they estimated a theoretical effective figure of
merit between 2 and 5, significantly higher than the maximum bulk value of ∼ 1.
The primary reason cited for this was that current densities in thermionic devices
are significantly higher than those in thermoelectric devices.
Nolas and Goldsmid provided a comparison between the COP projected for hypothetical ideal vacuum thermionic refrigerators and solid-state thermoelectric refrigerators [44]. To estimate the maximum performance that might be realised by
future thermoelectrics, a value of ZT = 4 was used, which is the maximum value
predicted by Slack for conventional thermoelectrics [46]. Equation 2.5 was then
used to determine the COP for different operating temperatures. For the vacuum
thermionic device, the work-function required for adequate current density, 0.3 V,
was assumed and radiation losses included in calculations. It was found that the
vacuum thermionic device was capable of realising higher COPs than the solid-state
thermoelectric device. They speculated that there was no obvious reason why it
would be significantly more difficult to realise the required low electrode separations
and low work-functions in the vacuum thermionic device than it would be to realise
ZT = 4.
A comparison of the thermoelectric and thermionic materials parameters, βT E
and βT I respectively, was first provided by Vining and Mahan [45]. The materials
parameter is a term formed by gathering all the materials-related device parameters
when the system equations are solved for maximum performance. Thermoelectric
materials with a higher β perform better. Based on this reasoning the authors
derived the relationship between the materials factor for thermoelectric devices and
thermionic devices. They concluded that the relationship between the two was
b
βT I = √ βT E .
λ π

(2.12)

A similar, but more detailed analysis was provided by Ulrich et al. [41]. They
presented the thermoelectric and thermionic transport equations in terms of FermiDirac integrals. They found the relationship between the materials factors to be
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F0 (ν)
√ βT E
F1/2 (ν) π

(2.13)

where
1
Fn (ν) =
Γ(ν + 1)

Z

∞

0

n
d
exp( − ν) + 1

(2.14)

is a Fermi-Dirac integral, ν = (F − EB )/kB TC and EB is the conduction-band offset
of the barrier. Since in the Maxwell-Boltzmann regime all the Fermi-Dirac integrals
reduce to exponentials and also because they took the barrier width to be equal
to the electron mean free path (that is b = λ in Equation 2.12), their result [41]
is the same as that of Vining et al. [45]. Since for thermionic transport we require
b ≤ λ, βT E is always greater than βT I , so they concluded that thermoelectric devices
always outperform thermionic devices. This result is flawed, however, due to a minor
discrepancy in the energy dependency of the electron relaxation time [47]. Their
observation that thermionic and thermoelectric devices operated based on the same
physical mechanisms is correct however. It may be shown that the materials factors
for thermoelectric and thermionic devices are actually equal, as will be discussed in
Section 3.4.
In summary, these comparisons show that thermionic refrigeration has the potential to realise higher efficiencies than conventional thermoelectrics.

2.4.5

Novel thermionic devices

Numerous novel devices have been proposed, which utilise thermionic emission in
a novel way or in combination with other mechanisms for refrigeration or power
generation.
In the multi-barrier thermionic devices proposed by Mahan et al. [32,33] electrical
current density is constant throughout the device. Zhou et al. proposed a device
where the current density was selectively varied through different layers to enhance
performance [48]. Solving the current density equations for maximum temperature
difference across each layer of the device, they showed that the overall maximum
temperature difference achievable can be increased by a factor of 2.5 in this way.
Experimentally realising such a design may be difficult, however.
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Figure 2.5: A schematic of the band structure and operation of an opto-thermionic
refrigerator [1].

The opto-thermionic refrigerator proposed by Mal’shukov and Chao combines
the concepts of laser cooling and thermionic cooling [1]. Electrons in an n-doped
reservoir are thermionically emitted over a spacer into a quantum well. On the
opposite side, holes are similarly thermionically emitted from a p-doped reservoir.
In the well, the electrons and holes recombine, releasing a photon. The heat carried
by the electrons/holes is thus removed from the device through this radiative process
rather than it being deposited into the lattice. A schematic of an opto-thermionic
cooler is shown in Figure 2.5. As the heat from the hot electrons/holes is completely
removed from the system, this device is potentially very efficient. The theory of this
device was examined in more detail later by Han et al. [49].
Xuan combined concepts to propose a combined thermionic-thermoelectric refrigerator [50]. In this device, the conductor connecting the anode and cathode in a
vacuum thermionic refrigerator is replaced by a p-type thermoelectric element. The
thermionic and thermoelectric devices, electrically in series, act thermally in parallel
between the same heat reservoirs. The analysis provided predicts that such a device
should be capable of achieving higher COPs, cooling power densities and tempera-
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ture differences. A short time later Xuan and Li proposed a device based on a similar
concept for power generation [51]. The combined thermionic-thermoelectric power
generator features a vacuum thermionic power generator and thermoelectric power
generator electrically isolated from one another, but thermally in series. Heat deposited on the thermionic anode is utilised by the thermoelectric generator. Again,
their analysis predicts that this device is capable of out-performing both standalone
thermionic and thermoelectric power generators.
As was discussed in Section 2.4.1, Mahan showed that with conventional vacuum thermionic devices, work-functions of ∼ 0.3 V or lower are required for roomtemperature refrigeration [29]. The thermionic devices he was discussing have electrode separations in the order of millimeters. Hishinuma et al. suggested the required cooling current densities could be achieved in vacuum thermionic devices
by maintaining electrode separations in the order of 10-100 nm, even with workfunctions around 1.0 V [52]. By applying a large bias across the narrow gap, the
barrier height is substantially reduced. In addition, they showed that, because the
barrier is thin, tunnelling electrons can significantly contribute to cooling current.
A short time later Hishinuma et al. provided a further way to increase emission by
using a semiconductor coated emitter [53]. The semiconductor layer on the metal
emitter produces a low barrier for electron emission. The large applied bias penetrates the semiconductor, lowering the surface work-function. These effects result in
high current emission at room-temperatures and even below. Recently, they demonstrated that such nanometre scale gaps could be maintained and that the electron
emission agreed with predicted values [54].
Maintaining the nanometre scale vacuum gaps required for Hishinuma-style devices can be experimentally difficult. Zeng proposed a device, suited for nanoscale
thermionic power generation, which utilised vacuum thermionic refrigeration across
nanometre scale gaps, partially filled to maintain electrode separation [55]. It was
shown that multiple layers of this arrangement could be used to provide power generation over large temperature gradients with efficiencies of up to 50% of the Carnot
limit.
Chao et al. proposed a device that combines resonant tunnelling with thermionic
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A schematic of the band structure and operation of tunnelling-

thermionic refrigerator [2].

emission, as shown in Figure 2.6, to achieve higher predicted cooling temperatures [2]. This design features a tall, narrow barrier through which electrons tunnel
into a resonant level in the intermediate well. Non-resonant tunnelling current and
emission over this barrier contribute negligibly to current. The electrons that tunnel
into the intermediate well absorb heat from the lattice and are thermionically emitted over the lower, wide barrier. The performance gain of this system comes largely
from the control of energies of electrons that are thermionically emitted; they must
absorb a significant amount of energy from the lattice in order to escape over the
barrier. Performing calculations on an Al1−x Gax As based device, they found that
temperature differentials greater than 10 K could be achieved. Al1−x Gax As is a poor
material for thermionic devices, primarily due to its large thermal conductivity, so
such a temperature differential with these materials would be a substantial achievement. With more suitable materials, this device may have significant potential.
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Experimental thermionic refrigerators

Thermionic refrigeration is a relatively new field and there have been few reports
of experimental thermionic cooling devices. This is largely due to the attributes
of presently available materials and technological limitations. Methods are being
developed to make good heterostructures and engineer band structures with good
thermoelectric materials, such as Bi2 Te3 , also desirable for good thermionic devices.
Low-work-function materials, which could yield a breakthrough in vacuum thermionics, are yet to be found. However, the field is advancing rapidly and new materials
technology will make it possible to realise the room-temperature thermionic devices
of interest in this work.
Most experimental interest in thermionic refrigeration has been for the integration of micro-scale cooling elements into conventional semiconductor electronic
devices. Bi2 Te3 and similar materials are incompatible with semiconductor fabrication technology and are therefore not suited for integrated cooling. Materials based
on, for example, Si, GaAs, InP or Ge, may be integrated with existing fabrication
methods and the methods for controlling the band structures with these materials are well established. This application has therefore been a prime candidate
for experimental thermionic cooling. Shakouri et al. reported the first successful
experimental measurement of thermionic refrigeration [56]. The device featured a
single 1-µm InGaAsP barrier doped to 2×1017 cm−3 with InGaAs electrodes doped
to 3×1018 cm−3 . Cooling current densities in the order of 200-300 W/cm−2 were
reported with cooling of 0.5 K and 1 K observed at 293 K and 353 K respectively.
A number of groups have developed superlattice thermoelectric coolers using
various materials [21,57,58,59,60,61,62]. Thermionic emission would occur over the
barriers in these superlattices, resulting in electron filtering and enhanced current
densities.

Chapter 3
Transport theory
Effects such as electron reflection above the barrier, transmission below the barrier
and other quantum mechanical effects may be important in thermionic devices with
complex nanostructure barriers. Further, it is of interest to study the behaviour
of thermionic devices where the ballistic transmission of electrons may be arbitrary
with respect to their energies, to see how various transmission features effect performance. None of the models described in Section 2.4.3 are suitable to study such
thermionic transport. In this chapter the theory of ballistic electron transport is
discussed and equations, suitable for the analysis of the performance of general and
novel nanostructure thermionic devices, derived.

3.1

Electron filtering

Conventional thermionic devices, such as the vacuum, single-barrier and multibarrier thermionic devices, are translationally invariant in the transverse plane (that
is, the y and z directions). In this case, electron motion in the transverse plane is
completely separable from longitudinal motion [39]. Electron transmission in such
a system will depend only on the momentum of those electrons in the longitudinal
direction. Systems that filter electrons in this way shall be dubbed ‘kx -filtered’ devices. Figure 3.1(a) shows an illustration of a kx -filtered device. At the interface of
material A and material B is a simple potential barrier for electrons. In order for
electrons to be transmitted, their momentum in the longitudinal direction (perpen26
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Figure 3.1: Illustration showing the difference between kx and kr electron energy
filtering. Arrows represent electrons with the lengths indicating the magnitude of
their energy/momentum.

dicular to the interface), must be larger than that required to overcome the barrier.
Those electrons whose momentum component in the longitudinal direction meets
this requirement are transmitted over the barrier. Those that do not are reflected.
Although in systems that will be analysed later the momentum requirement will not
be as simple as this, in conventional or kx devices, electron transmission is always a
function of the magnitude of momentum in the longitudinal direction.
A second class of devices we wish to consider select electrons for transmission
according to their total momentum. These devices will be referred to as ‘kr -filtered’
devices. In the illustration shown in Figure 3.1(b), electrons with whose total momentum is greater than the required energy are transmitted into material B. In this
case there are more ‘hot’ electrons (that is those of high total energy) transmitted
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than with the kx device. The reason for this is that the a kx interface rejects all
electrons with low momentum in the x direction, even if they have large momentum
in the transverse direction. Electron emission according to this selection criteria
was first considered by Vashaee and Shakouri in the context of superlattice thermoelectric devices where lateral momentum is not conserved [38, 39, 63, 64, 65]. Several
possibilities exist for realising or approaching such energy filtering, including superlattices where lateral momentum is not conserved [39], devices with non-planar
surfaces [66, 67, 68] and transmission through quantum dots [69]. In this thesis the
properties of general kr filters will be considered in ballistic systems, hypothetical kr
single-barrier thermionic refrigerators analysed and finally a quantum dot embedded
nanowires device proposed as a practical kr device.
Figure 3.2 shows the difference between these two classes of devices in momentum space. Assuming the same transmission requirement as in Figure 3.1, that is
|kx0 |, |kr0 | > kmin in terms of momentum, transmitted electrons have momenta lying
in the shaded grey volumes. Again, this shows that significantly more electrons may
be transmitted in a kr device, with the kx device rejecting many ‘hot’ electrons with
large momentum vectors that do not have a significant component in the x direction.
In this chapter models will be developed to calculate electrical and heat current
flows in both kx and kr thermionic systems.

3.2
3.2.1

Conventionally filtered thermionic devices
Electrical current in conventionally filtered thermionic
devices

In all derivations in this thesis, it will be assumed that the εF  kB T , where εF
is the Fermi energy. In this limit, which will be the case for the devices considered
(kB T ∼ 25 meV at room-temperature), the electrochemical potential, µ, can be
approximated by εF [28].
In a three-dimensional system where electron filtering occurs according to electron momentum in the longitudinal direction, the electrical current density leaving
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Fermi spheres showing electrons satisfying the minimum momentum

requirement in k space for (a) kx -filtered devices and (b) kr -filtered devices.

a reservoir is given by the Landauer equation [70]
Z ∞Z ∞Z ∞
dkx dky dkz
kx
J = 2e
f (E(k), µ, T ) v(kx )ξ(kx )
2π 2π 2π
−∞ −∞ 0

(3.1)

where:
- kx , ky and kz are wave vectors in the x, y and z directions respectively,
- the pre-factor 2 accounts for the spin degeneracy of electrons,
- e is the charge carried by each electron,
- E(k) = ~2 kx2 /2m∗ + ~2 ky2 /2m∗ + ~2 kz2 /2m∗ assuming a parabolic dispersion
relation,
- the Fermi-Dirac distribution function for electrons in the reservoir is


−1
E(k) − µ
f (E(k), µ, T ) = 1 + exp
,
kB T
- vx = ~kx /m∗ is electron velocity in the x direction and
- ξ(kx ) is the transmission probability for electrons through the structure.

(3.2)
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In full this equation is
 2 2
−1
Z ∞ Z ∞ Z ∞
~ kx /2m∗ + ~2 ky2 /2m∗ + ~2 ky2 /2m∗ − µ
kx
1 + exp
J = 2e
kB T
−∞ −∞ 0
~kx
dkx dky dkz
× ∗ ξ(kx )
. (3.3)
m
2π 2π 2π
Changing to cylindrical coordinates:
−1
 2
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0
0
!
r
2
1
×
x ξ(x)
∗
m
(2π)3
√

where dkx dky dkz =

2m∗ /~

3

√

2m∗
~

!3
ρdθdρdx (3.4)

ρdθdρdx, ρ2 = ~2 ky2 /2m∗ + ~2 kz2 /2m∗ and x2 =

~2 kx2 /2m∗ . Integrating over θ and changing to variables in terms of energy:

−1
Z ∞Z ∞
em∗
Ex + Eρ − µ
kx
J = 2 3
1 + exp
ξ(Ex )dEρ dEx
2π ~ 0
kB T
0

(3.5)

where Ex = x2 , Eρ = ρ2 → dx = dEx /2x and dρ = dEρ /2ρ. We then extract and
evaluate the inner part of the integral in terms of transverse energy, Eρ , which is

−1
Z 
Ex + Eρ − µ
m∗ ∞
kx
1 + exp
dEρ .
(3.6)
n =
π~2 0
kB T


Ex + Eρ − µ
kB T
Making the substitution A = exp
dA and using
→ dEρ =
kB T
A
partial fractions:


Z
m∗ ∞
1
1
kx
n =
−
dA.
(3.7)
π~2 exp((Ex −µ)/kB T ) A 1 + A
Evaluating, we obtain
n

kx




Ex − µ
m ∗ kB T
log 1 + exp −
=
π~2
kB T

(3.8)

which is the density of electrons per unit area at the reservoir interface. The resultant
equation for the electrical current density leaving a reservoir is
Z ∞
e
kx
nkx ξ(Ex )dEx .
J =
2π~ 0

(3.9)

In a thermionic refrigerator, the net electrical current density out of the cold reservoir
is given by the difference of the electrical current densities out of the cold and hot
reservoirs
kx
JC,net

e
=
2π~

Z
0

∞


nkCx − nkHx ξ(Ex )dEx

(3.10)
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x
= nkx (Ex , µC/H , TC/H ). The net electrical current density out of the hot
where nkC/H

reservoir is
kx
kx
JH,net
= −JC,net
.

(3.11)

Simpler equations may be derived in a similar manner using Maxwell-Boltzmann
statistics, that is with
f

MB



E(k) − µ
(E(k), µ, T ) = exp −
kB T


.

(3.12)

Doing so, one obtains
n

kx ,M B



m ∗ kB T
Ex − µ
=
.
exp −
π~2
kB T

(3.13)

It should be noted that using Equation 3.13 when there is significant electron transmission within 3kB T of µ may result in significant errors. In such cases, Equation
3.8 should be used.

3.2.2

Heat current in conventionally filtered thermionic devices

From the first law of thermodynamics, each electron that leaves a reservoir removes
energy equal to the difference between its total energy and the electrochemical potential of the reservoir, that is [71]
∆Eremoved = E − µ.

(3.14)

After the same electron has traversed the potential barrier system, it deposits the
energy it removed from the original reservoir plus the work done on it by the potential
bias into the destination reservoir, that is
∆Edeposited = E − µ + eV.

(3.15)

When the electron gains energy due to the bias, V is positive and it deposits more
energy than it left with. Conversely when the electron travels against the bias, V is
negative and it deposits less energy than it left with.
In a refrigeration scenario, electrons leaving the cold reservoir remove E − µC .
Electrons from the hot reservoir deposit E − µH + eV into the cold reservoir. The
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system bias is given by eV = µH − µC , the difference between the electrochemical
potentials of the reservoirs (measured from the hot reservoir in this case). Thus
electrons arriving at the hot reservoir deposit E − µH + (µH − µC ) = E − µC , which
is the as that removed by electrons leaving. Similarly, electrons leaving the hot
reservoir remove energy E − µH and electrons arriving at the hot reservoir deposit
E − µH .
Since electron energy is unrestricted in the transverse plane in conventional
thermionic devices, we cannot include the total energy, E, in the current equations
that are expressed in terms of Ex . Assuming the electron reservoirs are homogeneous
in the transverse dimensions we may calculate heat current flow by expressing the
heat as the filtered energy in the x direction, plus an average contribution from the
two unfiltered dimensions. We use the Maxwell-Boltzmann distribution function to
determine this average energy:
2
m∗ vy,z
f (Ey,z ) = A exp −
2kB T





where A is a constant determined through normalisation to be
r

Z ∞
Z
2 
m∗ vy,z
2kB T ∞
A exp −
exp(−u2 )du = 1
dvy,z = A
∗
2k
T
m
B
−∞
−∞
r
→A=
giving,
r
f (Ey,z ) =

m∗
,
2πkB T


2 
m∗ vy,z
m∗
exp −
.
2πkB T
2kB T

(3.16)

(3.17)

(3.18)

(3.19)

Using this, we may calculate the average kinetic energy per unfiltered degree of
freedom to be
Z

∞

< Ey,z >=
−∞

2
m∗ vy,z
2

r


2 
m∗ vy,z
m∗
kB T
exp −
dvy,z =
.
2πkB T
2kB T
2

(3.20)

This is in agreement with Lough et al. [34] who state that there is a contribution of
kB T /2 per degree of freedom in a conventional thermionic device.
The total energy, expressed as the energy in the x direction plus the average
contribution in the transverse directions is therefore given by
E = Ex + kB T.

(3.21)
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Combining this with Equations 3.14 and 3.15, we may now determine equations for
heat current flow in the system. The charge term, e, is removed to convert Equation
3.10 from electrical current density to number current density, and the heat carried
by each electron then inserted inside the integral. The net cooling current density
out of the cold reservoir of a conventional thermionic device is thus given by
Z ∞


1
kx
(Ex + kB TC − µC ) nkCx − (Ex + kB TH − µC ) nkHx ξ(Ex )dEx .
Q̇C,net =
2π~ 0
(3.22)
Similarly, the net heat current density out of the hot reservoir of a conventional
thermionic device is
Z ∞


1
kx
(Ex + kB TH − µH ) nkHx − (Ex + kB TC − µH ) nkCx ξ(Ex )dEx .
Q̇H,net =
2π~ 0
(3.23)
Equations 3.22 and 3.23 use Fermi-Dirac statistics to determine the electron
number current, but Maxwell-Boltzmann statistics to calculate the energy carried
by these electrons in the transverse dimensions. Using nkx ,M B in the place of nkx will
use solely Maxwell-Boltzmann statistics. For certain systems it may be necessary
to use solely Fermi-Dirac statistics to avoid errors. To derive such an equation,
we begin with the Landauer equation with the electrical charge term removed, and
insert inside the integral the energy removed by each electron (Equation 3.14)
Z ∞Z ∞Z ∞
dkx dky dkz
kx
Q̇ = 2
(E(k) − µ) f (E(k), µ, T ) v(kx )ξ(kx )
.
(3.24)
2π 2π 2π
−∞ −∞ 0
In full, this is
Z ∞Z
kx
Q̇ = 2
−∞

∞

∞

Z

−∞

~2 kx2 /2m∗ + ~2 ky2 /2m∗ + ~2 kz2 /2m∗ − µ



0


 2 2
−1
~ kx /2m∗ + ~2 ky2 /2m∗ + ~2 kz2 /2m∗ − µ
~kx
dkx dky dkz
× 1 + exp
ξ(k
)
.
x
kB T
m∗
2π 2π 2π
(3.25)
If we make the same substitutions as was done with Equation 3.3 (converting to
cylindrical, then energy coordinates) and integrate over θ we obtain
kx

Q̇

m∗
= 2 3
2π ~

Z
0

∞

Z
0

∞



−1
Eρ + Ex − µ
(Eρ + Ex − µ) 1 + exp
ξ(Ex )dEρ dEx .
kB T
(3.26)
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Integrating by parts
kx

Q̇

m∗
= 2 3
2π ~

Z

∞


[(Eρ + Ex −

0

µ) I]∞
0

Z
−

∞


IdEρ ξ(Ex )dEx

(3.27)

0

where

−1
Z 
Eρ + Ex − µ
1 + exp
I=
dEρ
kB T

Z 
1
1
= kB T
−
dA
A 1+A


A
= kB T log
1+A

 

Ex − µ
 exp

kB T



= kB T log 

Ex − µ 
1 + exp
kB T

(3.28)
(3.29)
(3.30)

(3.31)

where the substitution A = exp((Ex + Eρ − µ)/kB T ) → dA = AdEρ /kB T has been
made. Evaluating the second integral term in Equation 3.27


Z ∞
Z A2
1
A
IdEρ = kB T
log
dA
1+A
A1 A
0

(3.32)

where we make the substitution B = A/(1 + A) → dA = dB/(1 − B 2 ) with limits
B2 = 1 and B1 = exp((Ex − µ)/kB T )/[1 + exp((Ex − µ)/kB T )]

Z ∞
Z B2 
log(B) log(B)
2
+
IdEρ = (kB T )
dB
B
1−B
0
B1
B2

2
2 1
= (kB T )
log (B) + Li2 (1 − B)
2
B1
and where Lin (t) =

∞
P

(3.33)
(3.34)

tk /k n is the polylogarithm or de Jonquiéres function. Eval-

k=1

uating the limits
 
Ex − µ
Z ∞

 exp

k T
2
2 1
B

IdEρ = −(kB T )  log 
Ex − µ 
2
0
1 + exp
kB T

 

Ex − µ
exp


k T

.
B

+ Li2 1 −
Ex − µ 
1 + exp
kB T






(3.35)

Equations 3.31 and 3.35 are then substituted back into Equation 3.27, and the
remaining limits evaluated (noting that the equations are convergent in Ex ) and the
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result simplified. Finally, the heat current density leaving a reservoir using solely
Fermi-Dirac statistics is given by



Z ∞
2 2
1
m ∗ kB
Ex − µ
T
2
kx
kx
Q̇ =
(Ex − µ)n −
log 1 + exp −
2π~ 0
2π~2
kB T
!#



−1
2 2
m ∗ kB
T
Ex − µ
ξ(Ex )dEx .
+
Li
1
+
exp
2
π~2
kB T

(3.36)

The net cooling current density out of the cold reservoir is therefore given by



Z ∞
2 2
m ∗ kB
Ex − µC
1
TC
2
kx
kx
(Ex − µC )nC −
Q̇C,net =
log 1 + exp −
2π~ 0
2π~2
kB TC
!



−1
2 2
m ∗ kB
TC
Ex − µC
+
Li2
1 + exp
2
π~
kB TC



2 2
m ∗ kB
Ex − µH
TH
2
kx
−(Ex − µC )nH +
log 1 + exp −
2π~2
k T
!# B H



−1
2 2
m ∗ kB
TH
Ex − µH
−
1 + exp
Li2
ξ(Ex )dEx
(3.37)
2
π~
kB TH
where similar equations may be derived for the net heat current density out of
the hot reservoir. Heat current thermionic emission equations using Fermi-Dirac
statistics have also been presented by Winston [72].
The Fermi-Dirac distribution function, Equation 3.2, approaches the MaxwellBoltzmann distribution function, Equation 3.12, in the limit E − µ  kB T . We
would therefore expect the three sets of equations derived to give the same results
for electron transmission at energies far from the electrochemical potential. This is
shown to be the case in Figure 3.3. Figure 3.3(a) shows the energy resolved heat
current, which is obtained by evaluating unintegrated heat current equations at a
particular Ex . This provides us with a direct comparison of the equations. As expected, all converge for Ex − µ & 3kB T , but differ below this. Maxwell-Boltzmann
statistics is found to overestimate the heat current, with the equation based on a
Fermi-Dirac number current and Maxwell-Boltzmann average transverse heat lying
in the middle as expected. Figure 3.3(b) shows the results of evaluating the integral
from Ex to infinity (which corresponds to the heat current of a Richardson-style
single-barrier). The errors in the heat current obtained with the approximate solutions that use Maxwell-Boltzmann statistics are shown in Figure 3.3(c). The error
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Figure 3.3: (a) The energy resolved (as used here unintegrated and not strictly a
physical quantity) heat current density, (b) heat current density found by integrating
from Ex to infinity and (c) the percentage error in the results shown in (b) as
calculated using Fermi-Dirac statistics, Maxwell-Boltzmann statistics and the two
combined (Fermi-Dirac statistics for number current and Maxwell-Boltzmann for
average electron energy).
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is quite significant when there is electron emission less than 2kB T from the electrochemical potential, particularly with the Maxwell-Boltzmann solution. Which
equation one uses will depend on a number of factors. If there is significant current
emission less than 3kB T from the electrochemical potential and accuracy is important, the Fermi-Dirac based equation should be used. This equation is significantly
more complex however and for calculations requiring repeated use of the equations,
the computational intensity may be prohibitive. Use of the Maxwell-Boltzmann
based equation should generally be avoided since it is not much more complex or
numerically intensive in implementation than the Fermi-Dirac/Maxwell-Boltzmann
equation, unless simple analytical solutions are sought. In this thesis, electron emission less that 3kB T above the electrochemical potential will generally be equal to
zero or small, so the Fermi-Dirac/Maxwell-Boltzmann based equation (Equations
3.22 and 3.23) will be used in numerical calculations.

3.2.3

Derivation of Richardson’s equations

The equations developed here must be compatible with existing theories of ballistic
electron transmission, such as the Richardson equation. Here, it will be shown that
the Richardson equation and corresponding equation for heat current may be derived
using the theory developed above, as a special case.
The Richardson equation assumes that all electrons with energies above the
peak of the potential barrier are transmitted and all those below are blocked. This
corresponds to the transmission probability


0, Ex < eφ + µC
ξ(Ex ) =

1, Ex > eφ + µC

(3.38)

as shown in Figure 3.4. The transmission probabilities for electrons leaving the
cold and hot reservoirs are identical. First we will consider the electrical current
density out of the cold reservoir. Since the Richardson equation assumes MaxwellBoltzmann statistics, we use the Maxwell-Boltzmann electrical current density equation derived in Section 3.2.1
kx ,M B
JC→

em∗
= 2 3
2π ~

Z
0

∞



Ex − µC
kB TC exp −
kB TC


ξ(Ex )dEx .

(3.39)
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Z ∞
Ex − µC
em∗
kx ,M B
kB TC exp −
dEx
JC→ = 2 3
2π ~ eφ+µC
kB TC
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(3.40)

and evaluating the integral
kx ,M B
JC→



∞
2 2
Ex − µC
em∗ kB
TC
exp −
=−
2π 2 ~3
kB TC
eφ+µC


−eφ
= A∗ TC2 exp
kB TC

(3.41)
(3.42)

which is the Richardson equation for current density out of the cold reservoir. The
same integration may be performed on the electrical current density equation out
of the hot reservoir
kx ,M B
JH→



Z ∞
Ex − µH
em∗
kB TH exp −
dEx
= 2 3
2π ~ eφ+µC
kB TH
∞


2 2
TH
em∗ kB
Ex − µH
=−
exp −
2π 2 ~3
kB TH
eφ+µC


−e(φ + V )
,
= A∗ TH2 exp
kB TH

(3.43)
(3.44)
(3.45)

since V = µC −µH , which again, is the Richardson equation appropriate for electrical
current density out of the hot reservoir.
The Maxwell-Boltzmann based equation for heat current density out of the cold
reservoir with arbitrary transmission probability is


Z ∞
m∗
Ex − µC
kx ,M B
Q̇C→ = 2 3
(Ex + kB TC − µC )kB TC exp −
ξ(Ex )dEx . (3.46)
2π ~ 0
kB TC
To derive the Richardson based heat current equation we again evaluate for the
transmission probability specified in Equation 3.38


Z ∞
m∗
Ex − µC
kx ,M B
Q̇C→ = 2 3
(Ex + kB TC − µC )kB TC exp −
dEx .
2π ~ eφ+µC
kB TC

(3.47)
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Figure 3.4: Illustration showing transmitted and blocked electron energies as assumed in the Richardson equation. The corresponding transmission probability is
shown to the right.

Integrating by parts and evaluating,


∞
m∗
Ex − µC
kx ,M B
2
Q̇C→ = 2 3 (Ex + kB TC − µC )(−kB TC ) exp −
2π ~
kB TC
eφ+µC


Z
∞
∗
m
Ex − µC
2
exp −
dEx
+ 2 3 (kB TC )
2π ~
kB TC
eφ+µC



2 2
TC
m ∗ kB
−eφ
=
(eφ + kB TC ) exp
2π 2 ~3
kB TC
!


∞
Ex − µC
− kB TC exp −
kB TC
eφ+µC


−eφ
= A∗ TC2 (eφ + 2kB TC ) exp
.
kB TC

(3.48)

(3.49)
(3.50)

This is the Richardson based equation for heat current density leaving the cold
reservoir. In a similar fashion to that shown above for electrical current density,
evaluation of the equation for heat current density arriving at the cold reservoir is
carried out in the same way giving the expected result.
Thus, the equations derived in this section for electronic transport in thermionic
devices with arbitrary transmission probabilities are compatible with the commonly
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applied Richardson equation, which is a special case.

3.3
3.3.1

Total momentum filtered thermionic devices
Electrical current in total momentum filtered thermionic
devices

As was discussed in Section 3.1, in a kr thermionic device the selection of electrons
for transmission is a function of total electron momentum. To derive an equation for
electrical current density we start with the Landauer equation with the transmission
probability being a function of total momentum
Z ∞Z ∞Z ∞
dkx dky dkz
kr
f (E(k), µ, T ) v(kx )ξ(k)
.
J = 2e
2π 2π 2π
−∞ −∞ 0

(3.51)

Coverting to spherical coordinates
J

kr

2e
=
(2π)3

Z
0

∞

Z

π/2

Z

−π/2

×

0

π


 2 2
−1
~ kr /2m∗ − µ
1 + exp
kB T

~kr
sin φcosθξ(kr )kr2 sin φdφdθdkr
m∗

(3.52)

where kr2 = kx2 + ky2 + kz2 , v = ~kr sin φ cos θ/m∗ and dkx dky dkz = kr2 sin φdφdθdkr .
We then change to variables in terms of energy

−1
Z ∞ Z π/2 Z π 
em∗
E−µ
kr
E 1 + exp
J = 3 3
sin2 φ cos θξ(E)dφdθdE
2π ~ 0
k
T
B
−π/2 0
(3.53)
where E = ~2 kr2 /2m∗ → dkr = m∗ dE/~2 kr . Integrating over φ and θ, the electrical
current density leaving a reservoir in a total momentum filtered thermionic device
is given by
J

kr


−1
Z ∞ 
em∗
E−µ
= 2 3
E 1 + exp
ξ(E)dE
2π ~ 0
kB T
Z ∞
em∗
= 2 3
Ef (E, µ, T )ξ(E)dE.
2π ~ 0

(3.54)
(3.55)

The equation for electrical heat current density using Maxwell-Boltzmann statistics
is obtained by simply substituting f M B (E, µ, T ) for f (E, µ, T ) in Equation 3.54.
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The net electrical current density out of the cold reservoir is therefore given by
Z ∞
em∗
kr
E (fC − fH ) ξ(E)dE
(3.56)
JC,net = 2 3
2π ~ 0
where fC/H = f (E, µC/H , TC/H ). The net electrical current density out of the hot
kr
kr
reservoir is given by JH,net
= −JC,net
.

3.3.2

Heat current in total momentum filtered thermionic
devices

As was discussed in Section 3.2.2, electrons entering/leaving the cold reservoir deposit/remove heat equal to E − µC . Since E is not a function of φ or θ, this term
may be directly inserted into the integral of Equation 3.56 after removing the charge
term, e, to obtain the net cooling current density flow out of the cold reservoir:
Z ∞
m∗
kr
Q̇C,net = 2 3
(E − µC )E (fC − fH ) ξ(E)dE.
(3.57)
2π ~ 0
Similarly the net heat current density out of the hot reservoir is
Z ∞
m∗
kr
Q̇H,net = 2 3
(E − µH )E (fH − fC ) ξ(E)dE.
2π ~ 0

3.3.3

(3.58)

Derivation of Richardson-style equations for total momentum filtered thermionic devices

Later, we will be interested in comparing the performance of conventional kx devices
to total momentum filtered kr thermionic devices. It was shown in Section 3.2.3
that the Richardson electrical and heat current density equations could be derived
using the general equations presented here. Richardson-style equations will now be
derived for a thermionic device where all electrons with total energy greater than the
barrier height are transmitted to the opposite reservoir. This will permit a direct
comparison of conventional devices to the performance one might hope to achieve
with total momentum filtering.
The transmission probability in this case is the same as Equation 3.38 except
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that it is now a function of total energy:


0, E < eφ + µC
ξ(E) =

1, E > eφ + µC .

(3.59)

Maxwell-Boltzmann statistics will be used in this derivation since this is what is
assumed in the Richardson equation, to which we would like to provide comparison.
The kr Maxwell-Boltzmann based equation for electrical current density out of the
cold reservoir is
kr
JC→

em∗
= 2 3
2π ~

Z
0

∞



E − µC
E exp −
kB TC


ξ(E)dE.

(3.60)

Substituting the transmission probability specified in Equation 3.59


Z ∞
em∗
E − µC
kr
JC→ = 2 3
dE
E exp −
2π ~ eφ+µ
kB TC

(3.61)

and then integrating by parts we obtain


∞
em∗
E − µC
kr
JC→ = 2 2 −kB TC E exp −
2π ~
kB TC
eφ+µC
 !

Z ∞
E − µC
dE
+ kB TC
exp
kB TC
eφ+µC


−eφ
em∗ kB TC
(eφ + µC + kB TC ) exp
=
.
2π 2 ~3
kB TC

(3.62)
(3.63)
(3.64)

Using the same method, the electrical current flow out of the hot reservoir is found
to be given by
kr
JH→

em∗ kB TH
=
(eφ + µC + kB TH ) exp
2π 2 ~3



−e(φ + V )
kB TH


.

(3.65)

The net electrical current density out of the cold reservoir, which may be written in
terms of the Richardson constant, is given by


−eφ
A∗
(eφ + µC + kB TC )TC exp
=
kB
kB TC


∗
A
−e(φ + V )
.
− (eφ + µC + kB TH )TH exp
kB
kB TH
kr
JC,net

(3.66)

We may derive similar Richardson-style equations for heat current. Starting with
the Maxwell-Boltzmann equation for heat current density out of the cold reservoir
and evaluating for the Richardson transmission probability


Z ∞
m∗
E − µC
kr
Q̇C→ = 2 3
(E − µC )E exp −
dE.
2π ~ eφ+µC
kB TC

(3.67)

3.4. The relationship between thermoelectric and thermionic devices 43
Integrating this by parts we obtain
r
Q̇kC→

m∗
= 2 3
2π ~



∞
E − µC
2
−kB TC (E − Eµ) exp −
kB TC
eφ+µC
 

Z ∞
E − µC
dE .
+2kB TC
E exp −
kB TC
eφ+µC

(3.68)

Evaluating the first term and integrating the second by parts:




m∗
−eφ
kr
2
Q̇C→ = 2 3 kB TC (eφ + µC ) − µ(eφ + µ) exp
2π ~
kB TC
∞

 !!


Z ∞
E−µ
E − µC
exp −
dE
,
+ kB TC
+2kB TC
−kB TC E exp −
kB TC
kB TC
eφ+µ
eφ+µ
(3.69)
which finally gives




A∗ TC
−eφ
kr
2
3
Q̇C→ =
eφ(eφ + µC ) + TC (eφ + µC ) + 2kB TC exp
.
e
kB
kB TC

(3.70)

The similarly derived equation for heat current density into the cold reservoir is




A∗ TH
−e(φ + V )
kr
2
3
eφ(eφ + µC ) + TH (eφ + µC ) + 2kB TH exp
Q̇C← =
(3.71)
e
kB
kB TH
with the net cooling current density out of the cold reservoir being given by
r
r
r
Q̇kC,net
= Q̇kC→
− Q̇kC←
.

(3.72)

An equation for the net heat current density out of the hot reservoir may be derived
in a similar way.

3.4

The relationship between thermoelectric and
thermionic devices

Thermionic and thermoelectric devices have generally been considered to be two
quite different classes of devices [7, 32]. Generally, they have been distinguished
from one another by whether electron transport is ballistic (for thermionic devices)
or diffusive (for thermoelectric devices). The fundamental physics behind the operation of both are very similar, with the heat carried by an electronic current being
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used to achieve refrigeration or a thermally driven electrical current being used to do
work. Comparisons of thermionic and thermoelectric devices have been performed
in the past (see Section 2.4.4). All have generally highlighted the differences between
them. The most detailed comparison provided, that of Ulrich et al., suggested that
thermionic and thermoelectric device operated based on the same fundumental principles [41]. They did however find that a proportionality factor existed between the
thermoelectric and thermionic materials factors, which might indicate fundamental
differences between their transport properties and that thermoelectrics are inherently superior to thermionics. Here it will be shown that the diffusive and ballistic
formalisms used to describe thermoelectric and thermionic devices respectively reduce to the same form when considered over a distance the order of an electron
mean free path, thus strengthening the observation of Ulrich et al. that both rely
on the same underlying physical mechanism for operation. It may be shown using
the equations to be described that the materials factors for thermionic and thermoelectric devices are in fact equal, with the previously found difference being due to
a minor discrepancy in the assumptions made about the energy dependency of the
relaxation time [47].
The expression for net electrical current density for a thermionic device in k
space may be written based on Equation 3.1 as
ZZZ
b
J =
eDr vxr ξ∆f dk

(3.73)

where Dr is the reservoir density of states, vxr the velocity of electrons leaving the
reservoirs in the longitudinal direction and ∆f the difference between the reservoir
distribution functions.
Under the relaxation-time approximation, the electrical current in a thermoelectric/diffusive device may calculated using the Boltzmann transport equation as [73]

d

J =

ZZZ

eDl vxl

2 df
τ dk
dx

(3.74)

where Dl is local density of states, τ = τ0 E r is the electron relaxation time and vxl
is the velocity in the longitudinal direction.
We expect that Equations 3.73 and 3.74 should yield the same results for devices
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of width close to the electron mean free path. If we take the energy dependence of
the relaxation time to be r = −1/2, which is appropriate when scattering is dominated by acoustic phonons, then the mean free path in the direction of transport
is independent of energy and given by λ = vx τ [41]. For a small piece of thermoelectric material of length approximately equal to the electron mean free path
df /dx ≈ ∆f /λ. Equation 3.74 then reduces to
ZZZ
d
J =
eDl vxl ∆f dk

(3.75)

and is of the same form as that of the ballistic transport equation, Equation 3.73.
Thus, it has been shown that the diffusive and ballistic formalisms used to described
thermoelectric and thermionic devices respectively reduce to the same form when
considered over distances around the electron mean free path.
The fact that the formalisms reduce to the same form leads us to conclude that
we would not expect a dramatic change in device behaviour as the total length of the
device increases beyond an electron mean free path. The probability of an electron
travelling a distance L in the device without suffering a collision is given by [28]


L
P = exp −
.
(3.76)
λ
For device with length L ≈ λ, we may therefore express the current as the sum of the
fraction of electrons that travel ballistically and the fraction that travel diffusively
giving
ZZZ 
J=

eDr vxr ξ∆f P

+

eDl vxl ∆f


λ
(1 − P ) dk.
L

(3.77)

This equation gives a smooth variation in current as device length increases beyond
an electron mean free path.

3.5

Transmission probability calculation

There are numerous methods available for calculating the transmission probability
for electrons through a potential profile. These may generally be classified into two
main approaches: the Wentzel-Kramers-Brillouin (WKB) approximation and the
transfer matrix method.
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The WKB approximation gives the transmission probability as [52]


Z
2 x2 p ∗
2m (V (x)e − Ex )dx
ξ(Ex ) = exp −
~ x1
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(3.78)

where V (x) is the potential profile and x1 and x2 are the roots of V (x) − Ex = 0.
This approximation is only valid when the potential profile varies slowly with respect
to the wavelength of electrons. It will be used here to calculate the transmission
probability for vacuum potential barriers to allow direct comparison with the results
of Hishinuma et al. [52,53]. This method will not be valid for the solid-state potential
profiles considered, which often feature rapidly varying potentials.
The transmission matrix approach was proposed by Tsu and Esaki [74] and is
based on a plane-wave solution to the Schrödinger equation. A 2×2 matrix is formed
for each interface between regions of different potential based on the continuity of the
wave functions and their derivatives. The overall transmission coefficient is found by
multiplying these matrices together to determine the ratio of the incoming to transmitted wave function amplitude. Various authors have presented improvements on
the transmission matrix method such as including different effective masses between
layers [75] and by directly computing the transmission coefficient numerically [76].
With this method, continuously varying potential profiles are treated in a ‘staircase’
manner with plane-wave solutions for each small region of constant potential. This
method was implemented during this thesis, but found to give significant errors for
complex potential profiles. It is thus not adequate for the purposes of this study.
Brennan and Summers proposed a transfer matrix based approach that uses Airy
function solutions in regions of linearly varying potential rather than plane-wave
functions [77]. This method is capable of accurately calculating the transmission
probability without the convergence problems of the plane-wave function transfer
matrix method. An implementation of the theory described by Brennan and Summers [77] and covered in textbooks [70] will be used here for the calculation of the
transmission probability through solid-state potential barriers.
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The coefficient of performance and efficiency

The COP of a thermionic device acting as a refrigerator is given by the amount of
heat removed from the cold reservoir, divided by the work required to do this. That
is,
η COP =

Q̇C,net
.
V JC,net

(3.79)

The COP may be greater than one, but may not be infinitely large (that is, removing
heat from the cold reservoir must require work to be done).
The efficiency of a power generator is equal to the amount of work done divided
by the heat input from the hot reservoir,
η=

V JH,net
.
Q̇H,net

(3.80)

Due to the laws of conservation of energy, a power generator may not do work greater
than the amount of heat energy input into the system, limiting the efficiency to a
value less than or equal to 1.
French engineer, Saudi Carnot, derived laws for the maximum efficiency achievable for a steam engine [78]. Although traditionally associated with the gas cycle,
the laws he derived are applicable to all heat engines and refrigerators. A system
operating at this maximum possible efficiency, now known as the Carnot efficiency,
must do so reversibly. That is, no entropy is generated during the process and with
an infinitesimal change in the system the direction of heat flow may be reversed.
The value of the Carnot efficiency of a system is related to the temperatures of the
reservoirs between which it operates. For a refrigerator operating between hot and
cold reservoirs at TH and TC respectively, the Carnot COP is
ηCCOP =

TC
.
TH − TC

(3.81)

The Carnot efficiency for a power generator operating between the same reservoirs
is
ηC = 1 −

TC
.
TH

(3.82)

The efficiency/COP of any device is fundamentally limited to values less than or
equal to this Carnot limit. Any process that takes the system out of equilibrium
and generates entropy will result in an efficiency/COP lower than the Carnot value.
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The efficiency of practical devices will also be influenced by effects such as thermal conductivity through the support structure, heatsink issues and contact and
lead resistances. These factors are not directly related to the intrinsic physics of
the devices and are generally engineering problems that would be addressed when
preparing a device. In this work these effects will generally be ignored with the focus
being on the fundamental physical transport processes of thermionic devices.

Chapter 4
The electron energy spectrum
4.1

Introduction

In a thermionic device, electrons transmitted between the reservoirs have a range
energies. The number of electrons transmitted at each energy through the device
may be described as the electron energy spectrum of that device. The expression for
net electrical current density in k space, Equation 3.73, may be expressed in terms
of ‘energy resolved current’ j(k):
ZZZ
ZZZ
J=
j(k)dk =
eDr vxr ξ∆f dk.

(4.1)

The energy resolved current, j(k) = eDr vxr ξ∆f , is a function of energy (here in
terms of k) and defines the electron energy spectrum. If the integral is evaluated at
each energy over an infinitesimal range, δk, the electron energy spectrum or energy
resolved current density is given by
j(k)δk = eDr f vxr ξ∆δk.

(4.2)

The term in this equation that has the largest impact on the energy spectrum is the
transmission probability, ξ. The velocity, vxr , is determined by the dispersion relation, Dr is constant and ∆f is determined by the system electrochemical potentials
and the reservoir temperatures (which will usually be fixed for a particular application). One reservoir electrochemical potential is generally fixed and the other varied
via a bias voltage, which may be tuned to achieve optimal performance. The transmission probability, which almost solely determines the electron energy spectrum
49
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in a particular operational environment, depends on the device structure. Recent
advances in solid-state device growth now allow great control over the growth of
nanostructures, allowing the engineering of a desirable transmission probability in
ways that were not previously possible. Previous models of thermionic devices, as
described in Section 2.4.3, have generally assumed only a simple electron energy
spectrum, most often that given by the Richardson equation. In most cases, the
manipulation of the electron energy spectrum was only considered as far as blocking
cold electrons and transmitting hot electrons. Thus, enhancement of thermionic
device performance by engineering the spectrum of electrons transmitted in the
device is an avenue that is yet to be fully exploited. There is a strong emphasis
in current research efforts in thermionics and thermoelectrics centred around using
nanostructures to reduce thermal conductivity. As thermal conductivity becomes
lower through these efforts, it is likely to reach a plateau at some point. At this
time, it will become even more essential to enhance device performance via another
means. Thus, engineering the electron energy spectrum, as described in this thesis,
may become very important.
In this chapter we will consider in detail the effect that various traits of the electron energy spectrum have on device performance. We will analyse what Hatsopoulos referred to as the ‘electronic efficiency’ (or similarly the ‘electronic COP’) [26],
which is the efficiency due to electronic processes only in the absence of loss mechanisms such as phonon heat backflow. It is important to consider the electronic
efficiency so that we may isolate the electronic transport from other effects. Phonon
heat backflow, radiation losses and other effects will be re-introduced and discussed
in the later sections. The concepts learned from this analysis will then be applied
to various classes of thermionic devices in later chapters, where their energy spectra
will be discussed and novel methods to enhance performance provided.
The electron energy spectrum has been previously considered in some special
cases, most often for thermoelectric transport. Mahan and Sofo first showed that
the ideal transport distribution function for a thermoelectric device may be achieved
with a delta function density of states [79]. Later, Humphrey et al. derived a
condition that describes an energy at which electrons in various devices, including
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thermionic and thermoelectric devices, may be transmitted without generating any
entropy [71]. This energy is referred to as the ‘energy specific equilibrium energy’,
E0 . In a ballistic electron device, such as a thermionic device, this is the energy at
which the distribution functions of the two electron reservoirs are in equilibrium.
That is
f (E, µC , TC ) = f (E, µH , TH )


−1 
−1

E − µC
E − µH
1 + exp
= 1 + exp
kB TC
kB TH

(4.3)
(4.4)

which gives the energy specific equilibrium energy as
E0 =

µC TH − µH TC
.
TH − TC

(4.5)

Therefore, in principle, a thermionic device that transmits electrons at E0 only and
blocks all others may do so reversibly, operating at the Carnot efficiency. Humphrey
et al. later showed that this reversibility condition may also be satisfied in principle
in a thermoelectric device where the equilibrium condition must be satisfied not only
at either end of the device, but at every point throughout the thermoelectric material
[80]. This is achieved by using inhomogeneous doping and a device structure that
transmits electrons at E0 to satisfy the equilibrium requirement f (x) = f (x + δx)
at every point in the device. The net current flow due to electrons transmitted at
E0 is zero however. This means that in the limit of Carnot efficiency, no work may
be done by a power generator and no cooling provided by a refrigerator. As we
will explore, finite power at high efficiency can be achieved though, by transmitting
electrons over a finite range close to E0 .
Another way to achieve reversibility, where the Fermi occupations of states is
constant, is to restrict the flow of electrons to those with energies approaching
infinity where the occupation of states tends to zero. This may be achieved, for
instance, with an intrinsic semiconductor where the band gap approaches infinity
in a thermoelectric device or an infinitely high barrier in a thermionic device. In
vacuum thermionic devices operating at very high temperatures (TH > 1500 K),
optimum efficiency is approached when the barrier height is almost 20 times larger
than kB TH [26], meaning the electronic efficiencies close to the Carnot limit may be
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achieved. However, at more moderate emitter temperatures (300 K < TH < 800 K)
of interest in most applications, achieving finite power production or refrigeration
via a thermionic device requires a much lower barrier height. Therefore, this is not
a practical high efficiency limit for the applications of interest here.
Hicks and Dresselhaus pointed out that the magnitude of the density of states
near the band edge may be enhanced by using structures with lower dimensionality,
such as superlattices, in thermoelectric devices [13]. Shakouri and co-workers have
suggested the use of large barriers with highly doped wells to utilise part of the energy
spectrum where the density of states is large for thermionic emission [35, 36, 37, 38].
Vashaee and Shakouri highlighted the role that transverse electron momentum conservation has on the performance of multi-barrier thermoelectric devices, where there
is incorporated thermionic emission due to the barriers [39, 38]. They showed that
when transverse momentum is not conserved, higher electronic currents can be realised giving significantly improved performance. A thermoelectric device where
lateral momentum is conserved is analogous to a conventional kx thermionic device. Thermoelectric devices where lateral momentum is not conserved are similarly
analogous to the kr thermionic devices discussed in Chapter 3. In this chapter, the
performance differences associated with these two classes of electron energy spectra
in ballistic devices will be considered in detail.

4.2

Maximum power in thermionic devices

In order to specify the electron energy spectra for maximum power in thermionic
power generators and refrigerators, it is necessary to understand the direction of net
current flow for different regions of the spectrum. Although electrons are transmitted in both directions for any region of the energy spectrum where the transmission
probability is non-zero, the direction of net current flow is determined by the reservoir with the larger occupation of states at that energy. That is, if
f (E, µC , TC ) > f (E, µH , TH )

(4.6)
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(where µC is taken to be larger than µH ) then net current flow in the satisfied energy
range is from the cold to the hot electron reservoir. Evaluating this inequality
−1 
−1



E − µC
E − µH
1 + exp
> 1 + exp
(4.7)
kB TC
kB TH

E<

µC TH − µH TC
= E0 .
TH − TC

(4.8)

So, for all electrons with total energy E < E0 , net current flow is from the cold to
the hot reservoir. Not all of these electrons are useful for refrigeration however. As
was discussed in Section 3.2.2, the heat removed by an electron when it leaves the
cold reservoir is ∆Eremoved = E − µC . This is positive for electrons with E > µC ,
but negative for E < µC . Physically, this means that electrons with energies lower
than the electrochemical potential actually heat the cold reservoir when they leave.
Clearly in a refrigerator, this effect should be avoided. Thus, electrons with total
energies in the range µC < E < E0 are useful for refrigeration.
Maximum power is achieved by transmitting as many electrons as possible in the
energy range where current is flowing in the correct direction. Therefore, for maximum power in a refrigerator, all electrons with total energy µC < E < E0 should be
transmitted and all others blocked. Filtering of this nature may be achieved with a
kr device, but not with a conventional kx thermionic device where only energies in
the x direction may be filtered.
A similar energy range may be found for power generation, in which case one
desires net current flow to be from the hot to cold reservoir:
f (E, µH , TH ) > f (E, µC , TC )

(4.9)



−1 

−1
E − µH
E − µC
> 1 + exp
1 + exp
kB TH
kB TC

(4.10)

E>

µC TH − µH TC
= E0 .
TH − TC

(4.11)

All electrons in this range E > E0 may be used to do useful work. Thus, for
maximum power in a thermionic power generator it is necessary to transmit all
electrons with energies greater than E0 and block all those below it. Again, this
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Figure 4.1: The cold and hot reservoir distribution functions, fC and fH respectively,
with the directions of net current flow in each energy range labelled.

would be easily achieved in a device capable of kr -filtering, but is not possible in a
conventional kx device.
Figure 4.1 shows distribution functions for the cold and hot electron reservoirs in
a system with a bias applied, illustrating the direction of net energy resolved current
flow in the system.

4.3

Electronic efficiency with ideal filtering

As was just discussed, reversibility may be achieved when electron transmission is
restricted to a single energy. Since, in this limit, efficiency equals the maximum
possible value, the Carnot limit, we will refer to a filter that allows electrons of only
a single energy to be transmitted and all others blocked as an ‘ideal filter’. The
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transmission probability function for an ideal filter is


1, E = E 0
ξ(E) =

0, elsewhere
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(4.12)

where Ex would be substituted for E for a kx thermionic system. It is not possible
to further restrict the energy spectrum of electrons short of preventing all transport.
Figure 4.2 shows the efficiency/COP versus the energy of the ideal filter, E 0 .
Sweeping the transmission energy in this way might be viewed as tuning the device.
The curves for the kx device have been plotted versus average total energy, that is
Ex + kB TC , to provide convenient comparison with the kr device. In the example
shown, E0 = 1.18 eV. It is noticed that when the filter is at energies less than E0 ,
the device acts as a refrigerator and when above E0 acts as a power generator. This
is due to the direction of net current flow in each energy regime, as explained in
Section 4.2. As expected, the maximum efficiency and COP of the kr device is equal
to the Carnot limit when E 0 = E0 , in agreement with the predictions of Humphrey et
al. [71]. As the transmission energy moves away from E0 , efficiency declines because
the system is no longer in an equilibrium state. Electrons transmitted further from
E0 therefore will reduce the electronic efficiency of a device. It is also noticed that
the COP is equal to zero when E 0 is below µC , since electrons below this energy
heat the cold reservoir.
An analytical expression may be derived for the efficiency of the kr device as a
function of the ideal transmission energy. Firstly considering refrigeration, we use
the Equations 3.56 and 3.57 which we evaluate for an infinitesimally narrow energy
range around E 0 . The COP is
η

COP

=

r
Q̇kC,net
(E 0 )

kr
V JC,net
(E 0 )
m∗
(E 0 − µC )E 0 (fC − fH ) δE
2 ~3
2π
=
µC − µH em∗ 0
E (fC − fH ) δE
e
2π 2 ~3
E 0 − µC
=
µC − µH

(4.13)

(4.14)

(4.15)

which is valid for µC < E 0 < E0 . The COP therefore increases linearly with filter
energy until E0 . When E 0 = E0 , this equation yields η COP = ηCCOP as expected.
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Figure 4.2: The efficiency and COP of ideally filtered kr and kx thermionic devices
relative to the Carnot value versus the transmission energy of the ideal filter. The
kx curves are plotted against the total average energy of electrons leaving the cold
reservoir, Ex + kB TC . TH = 300 K, TC = 270 K, µH = 0.98 eV and µC = 1 eV.

Performing a similar evaluation for power generation using Equations 3.56 and 3.58
we obtain
η=

kr
V JH,net
(E 0 )

r
Q̇kH,net
(E 0 )
µC − µH em∗ 0
E (fH − fC ) δE
2 ~3
e
2π
=
m∗
(E 0 − µH )E 0 (fH − fC ) δE
2π 2 ~3
µC − µH
= 0
E − µC

(4.16)

(4.17)

(4.18)

which is valid for E 0 > E0 . Again, E 0 = E0 gives the Carnot value with efficiency
decreasing as the transmission energy increases and approaching zero in the limit
E 0 → ∞.
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Figure 4.2 shows that the electronic efficiency of a kx thermionic device is always less than that of a kr thermionic device for all values of total energy. Most
importantly however, it shows that the kx device does not reach efficiency equal to
the Carnot limit. Thus, conventional thermionic devices are always fundamentally
limited to efficiencies less than the Carnot limit, even with the greatest possible restriction of electron energies. The reason for this is that even though the energy in
the longitudinal direction is restricted to a single energy, the energy in the transverse
direction may take any value, introducing an unavoidable spread in the electron total energies transmitted. Therefore, in a conventional kx thermionic device a range
of electron energies is always transmitted irrespective of the filtering used and the
Carnot limit may never be reached even when all non-ideal properties of the system
(such as lattice heat backflow) are removed with finite E 0 and temperatures. Figure
4.3 shows the range of total energies transmitted by a very narrow filter. While the
kr filter restricts the total energies to within the desired range, the random energies in the transverse direction in the kx system mean that a significant range of
total electron energies is transmitted. The total energy spread for the kx filter has
been determined using Maxwell-Boltzmann statistics (Equation 3.16). This peaks
at a total energy approximately kB T from the longitudinal transmission energy and
approaches zero at high energy.
The upper bound on the efficiency of a kx -filtered thermionic power generator
may be determined by noting that numerical calculations show maximum efficiency
is achieved when Ex0 = E0 . The efficiency of the ideally filtered kx power generator
using Equations 3.10 and 3.23 is given by
η=

=

kx
V JH,net
(Ex0 )

(4.19)

x
Q̇kH,net
(Ex0 )


µC − µH e
nkHx (Ex0 ) − nkCx (Ex0 ) δEx
e
2π~

.

1  0
kx
kx
0
0
0
(Ex + kB TH − µH ) nH (Ex ) − (Ex + kB TC − µH ) nC (Ex ) δEx
2π~

(4.20)

If we set the derivative of this to zero to find Ex0 where efficiency is maximised, we
find that the maximum does occur at Ex0 = E0 if
eV  kB (TH − TC )

(4.21)
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Figure 4.3: The total energy distributions in kx - and kr -filtered thermionic devices
with a filter 5 meV in width at 0.3 eV. The vertical axis has been cut off for clarity
in the details of the kx system values. The number of electrons transmitted in the
kr system is approximately 13 times that of the kx system for these parameters. T
= 270 K and µ = 0.1 eV.

as will generally be the case. When Ex0 = E0 , nkCx = nkHx . Using this to simplify
Equation 4.19 we find that the limiting efficiency of a kx thermionic power generator
operating between reservoirs at TC and TH is
ηmax =

ηC
.
1 + ηC (kB TH + kB TC )/eV

(4.22)

Since the denominator of this term is greater than zero, efficiency is less than the
Carnot value. In the limit V → ∞, where the occupation of states approaches zero
(since E0 → ∞ in this limit) the efficiency may approach the Carnot limit. Also,
when both TC and TH are very close to zero efficiency may approach the Carnot
value. Evaluating Equation 4.22 for the parameters shown in Figure 4.2 gives ηmax

4.3. Electronic efficiency with ideal filtering

59

= 0.8 in agreement with the numerical calculation.
An analytical expression for the limiting COP for kx thermionic refrigerators
may not be expressed in such a simple equation. The kx thermionic refrigerator
may approach the Carnot COP in the same limits however, as will now be shown
in a different manner. Using Equations 3.10 and 3.22, the equation for the COP of
the ideally filtered kx thermionic refrigerator is
η COP =

x
Q̇kC,net
(Ex0 )

(4.23)
kx
V JC,net
(Ex0 )

1  0
(Ex + kB TC − µC ) nkCx (Ex0 ) − (Ex0 + kB TH − µC ) nkHx (Ex0 ) δEx
= 2π~
.

e
(µC − µH )
nkCx (Ex0 ) − nkHx (Ex0 ) δEx
2π~
(4.24)

To approach the Carnot efficiency, the thermal spread of energies in the transverse
directions must be negligible. That is, in Equation 4.23 we require that
Ex0 − µC  kB TH

(4.25)

(because Ex −µC  kB TC will automatically be satisfied in this case since TH > TC ).
In this limit, Equation 4.23 will approach the kr expression, Equation 4.13, for which
the Carnot COP will be achieved for Ex0 = E0 . Substituting this into Equation 4.25
we find that it is satisfied for V → ∞, as was found above. If TH and TC are
also very low, the transverse energy spread will be very small since its magnitude
increases with temperature. Thus, at very low temperatures the kx refrigerator
may in principle approach the Carnot limit. Neither of the regimes where the kx
device may approach the Carnot limit are of interest for practical devices, whose
efficiency will always be limited to a value significantly lower than the Carnot limit.
The kr device may achieve Carnot efficiency in principle at any bias voltage and
combination of temperatures.
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Electronic efficiency with finite energy spectrum width

The filters considered in the previous section represent an idealised theoretical limit.
This analysis is now extended to non-ideal filters that transmit a finite range of
electron energies. The following transmission probability will be considered:


1, E 0 < E < E 0 + ∆E
(4.26)
ξ(E) =

0, elsewhere
where Ex would be substituted for E for a kx thermionic device. This transmission
probability might, for example, approximate that of a miniband of a superlattice.
For each finite width examined numerically, the starting energy of the filter, E 0 ,
is tuned to find the maximum electronic efficiency and COP for that width, with
the results being shown in Figure 4.4. This shows that we do not require an ideal
filter to achieve efficiency/COP very close to the maximum value as seen in the
low energy plateau in all the curves. With filter widths around kB T /10, efficiency
very close to the maximum values are preserved. Thus, with the kr system, it is
possible to operate very close to the Carnot limit at finite, albeit low, power (since
wider energy spectra generally give higher power). Narrow filters of this range are
achievable with practical semiconductor devices (and one specific application using
nanowires is discussed in Chapter 6). As the filter width increases beyond this value,
the efficiency/COP drops before plateauing again at a final value. The stable final
value in the wide width limit occurs because the distribution function converges to
zero at high energy and therefore there is no additional current flow even though
transmission is allowed.
Figure 4.5 shows the energy spectrum of the net electric current transmitted
from the hot to cold reservoir for a 0.3 eV wide filter. Results are normalised by the
net number of electrons with total energy greater than the electrochemical potential
available to flow between the reservoirs. This illustrates the energy range, with
respect to the x and total energies for kx and kr devices respectively, of the filter for
each system when tuned for maximum electronic efficiency/COP. Figure 4.5 shows
that there are more electrons being transmitted for the kr system than with the kx
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The maximum relative efficiency and COP for kr - and kx -filtered

thermionic devices versus the width of the filter from ∆E = 0.01kB TC to ∆E =
100kB TC . TH = 300 K, TC = 270 K, µH = 0.98 eV and µC = 1 eV.

system, an effect that has been pointed out by Vashaee and Shakouri in superlattice
thermoelectrics [39, 38]. The calculations also show that the kr device has higher
electronic efficiency due to a greater concentration of electrons around E0 since they
do not suffer from the transverse energy spread of kx devices. For both refrigeration
and power generation, the filters are positioned such that electrons with energy E0
are included. Since when E > E0 the net energy resolved heat current produces
power, the lower edge of the kr power generator filter will always be at E0 . Energy
resolved current in the energy range µC < E < E0 refrigerates the cold reservoir
and the lower edge of the filter is therefore shifted to this region. It is desirable to
transmit a large number of electrons at E0 , but doing so means that transmission will
occur in the region E > E0 . There will therefore be a trade-off when determining
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the optimal refrigerator filter position between the number of electrons transmitted
at E0 and those above it that generate power. In both cases, the lower edge of the
kx filter is shifted to lower energy due to the additional total energy contribution to
the unfiltered transverse energy.

Figure 4.5: The normalised electron energy spectrum for net current from the hot
to cold reservoir. The filter width is 0.3 eV and is positioned to achieve maximum
efficiency/COP in each system for (a) refrigeration and (b) power generation in kr
(black) and kx (white) systems. TH = 300 K, TC = 270 K, µH = 0.08 eV and µC =
0.1 eV.

4.5

Transmission probabilities with finite slopes

Thus far we have only considered the case where there is a perfectly sharp transition
from zero to full transmission of electrons. As will be discussed in greater detail in
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Chapter 5, the transmission probabilities of real thermionic devices rise in a gradual
manner to full transmission. This effect is generally ignored in thermionic models.
In this section we consider the effect of a gradual ‘turn-on’ in the transmission
probability on the electronic efficiency.
Two convenient ‘artificial’ transmission probabilities will be considered, the slopes
of which can be easily varied. The first, a Gaussian peak that might approximate
the transmission probability of a resonance, is given by


(E − Ec )2
ξ(E) = exp −
w

(4.27)

where Ec defines the centre energy of the peak and w is a width parameter used to
vary the sharpness of the slope. Ex would be substituted for E for a kx device. The
second artificial transmission probability considered is a ‘half-Gaussian’ intended to
approximate the transmission probability of a finite width single-barrier and is given
by




(E − Ec )2

exp −
, E ≤ Ec
w
ξ(E) =


1,
E > Ec .

(4.28)

The sharpness of the Gaussian and half-Gaussian transmission probabilities was varied between w = 10−5 , effectively corresponding to an ideal filter or perfectly sharp
single-barrier transmission probability, and w = 0.1. The transmission probabilities
associated with these extreme values are shown in Figures 4.6(a) and 4.6(b). The
system bias voltage was tuned for each transmission probability for maximum electronic efficiency/COP. Figure 4.7(a) shows the electronic COPs associated with a
room-temperature refrigerator and Figure 4.7(b) shows the electronic efficiencies of
a heat engine operating at higher temperature.
Since all electrons with total energy other than E0 reduce electronic efficiency,
we expect the sharpest peaks in Figs 4.7(a) and 4.7(b) to yield the highest efficiency/COP, and this is confirmed by the numerical results. The most interesting
result, however, is that the electronic efficiency of the half-Gaussian transmission
probability is very strongly dependent upon how sharply the transmission rises from
zero to unity. A smooth rise in the transmission probability lowers the electronic
efficiency for the same physical reason that a kx -filtered device has lower electronic
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Figure 4.6: Artificial transmission probabilities generated using a Gaussian function
and (b) a half-Gaussian function. The two extremes of width parameter are shown,
w = 0.1 (slowly rising) and w = 10−5 (sharply rising).

efficiency than a kr -filtered device. Whenever the energy spectrum of transmitted
electrons rises slowly to its peak value, there is an efficiency lowering trade-off that
occurs between transmitting the maximum number of electrons with energies near
E0 that refrigerate or generate power with Carnot efficiency, and minimising the
number of electrons transmitted in the energy range where they travel in the wrong
direction (that is, E < µC and E > E0 for refrigeration and E < E0 for power
generation). The kx devices have lower electronic efficiency/COP compared to kr
devices because the unfiltered transverse energy causes their turn-on to be less sharp
than an equivalent kr filter.

4.6. Maximum COP with losses

65

Figure 4.7: The efficiency/COP relative to the Carnot value of a kr Gaussian, kx
Gaussian, kr half-Gaussian and kx half-Gaussian transmission probability for (a)
refrigeration (TH = 300 K and TC = 270 K) and (b) power generation (TH = 900
K and TC = 300 K) versus width parameter with µC = 0.1 eV.

4.6

Maximum COP with losses

Considering a thermionic refrigerator, it has been shown that the maximum COP
is achieved by transmitting electrons over an infinitesimally narrow range at E0 . If
phonon heat backflow in a practical device is considered, a device with such an ideal
filter will not produce any refrigeration as the cooling current density will be lower
than that required to overcome what will be a relatively large heat backflow. A finite
range of electron energies will therefore be required to achieve net cooling. If we are
interested in operating at maximum COP, this will not be achieved by operating
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at maximum cooling power. The transport of cold electrons near µC reduces the
electronic COP and will reduce the overall COP if such a wide filter is not required
to overcome the losses. In the presence of phonon heat backflow, a trade-off thus
occurs between having an electron energy spectrum that is wide enough to provide
sufficient power to overcome the losses, but not too wide that electronic COP is
significantly reduced by transporting electrons far from E0 . In this section we will
examine the electron energy spectrum required for maximum COP in a system where
losses, specifically the most important loss in solid-state thermionic devices, phonon
heat backflow, are included.
In a thermionic refrigerator, we always wish to transmit electrons at E0 , since
these are most efficient. Here we will consider a transmission probability for a kx
device given by:
ξ(Ex ) =



1, Eon ≤ Ex ≤ E0

(4.29)


0, elsewhere.
For a device with thermal resistance of Rth = b/κ = 10−6 m2 K/W, Eon is swept
from the lowest useful energy, µC to higher energy with the device being tuned
for maximum efficiency for each Eon . Figure 4.8 shows the calculated electronic
COP and COP versus Eon as a function of energy measured in units of kB T . This
shows that there is indeed an ideal turn-on energy greater than µC for maximum
COP. With the parameters considered, this is achieved with Eon − µC (which is
effectively the barrier height, eφ) of around kB T ∼ 25 meV. This is in agreement
with the result obtained by Mahan for the optimal barrier height of a single-barrier
thermionic device using the Richardson equation [32]. As Eon increases and the
transmission bandwidth decreases, the electronic COP continues to increase since
power is not important and the number of electrons with energies other than E0
is reduced. It has been shown though, that when finite thermal conductivity is
considered, the transmission bandwidth can only be decreased so far before the
COP is reduced due to lower cooling current.
Since conventional kx thermionic devices have the inevitable energy spread of
electrons as discussed, when the filter cuts off electrons with longitudinal energies
equal to E0 , there will still be electrons with total energies above E0 being transmit-
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The COP and electronic COP relative to the Carnot value versus

the turn-on energy for a rectangular transmission probability equal to one over the
range Eon < Ex < E0 and zero elsewhere. TC = 299.9 K, TH = 300 K, µC = 0.2 eV,
Rth = 10−6 m2 K/W and m∗ = 0.07me .

ted in the system. This will reduce cooling power and the COP (since net energy
resolved current above E0 is in the opposite direction). Figure 4.9 shows the electronic COP for a number of systems with different ‘turn-off’ energies, corresponding
to the transmission probability:

ξ(Ex ) =



1, Eon ≤ Ex ≤ Eoff

(4.30)


0, elsewhere.
This shows that the COP is improved by having the turn-off energy slightly below
E0 so that electron transmission in the wrong direction is minimised. If Eoff is
reduced too far, the COP decreases because electron transmission near E0 is reduced.
Although transmitting electrons up to E0 and beyond reduces the COP, Figure
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4.9 shows that the difference is only very small, less than 1% for the parameters
considered. The reason for this is that the number of transmitted electrons at
higher energy rapidly decreases, reducing their influence on system performance.

Figure 4.9: The relative COP versus turn-on energy for rectangular transmission
probabilities equal to one over the range Eon < Ex < Eoff and zero elsewhere. Curves
are shown for different values of Eoff with Eon tuned for maximum COP. TC = 299.9
K, TH = 300 K, µC = 0.2 eV, Rth = 10−6 m2 K/W and m∗ = 0.07me .

It is a relatively simple matter to achieve the desired Eon . This may be achieved
with a barrier of carefully selected height through bandgap engineering and appropriate doping for the desired µC . Cutting off electron transmission at a certain
energy is not as simple. One possibility for achieving a filter that transmits only
a finite range of electrons is by using a miniband of a superlattice, possibly even
with Gaussian modulated barrier heights for highly rectangular transmission probabilities [81]. If the first miniband, which would be used for the electron filter,
was sufficiently spaced from higher energy minibands, the desired filtering could be
achieved. However, given the increased growth complexity associated with such a
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structure, it is not likely to be worthwhile to pursue such a design for this reason
because the COP improvement is very small.

4.7

Thermoelectric devices and the electron energy spectrum

In Section 3.4 it was shown that the diffusive formalism used to describe thermoelectric transport reduces to the same form as the ballistic formalism used to describe
thermionic devices when both are considered over distances around the electron
mean free path. Comparing Equations 3.73 and 3.75 we find that the term Dl vxl in
the diffusive formalism plays the same role as Dr vxr ξ in the ballistic formalism. This
implies that the dependencies on the electron energy spectrum in both thermionic
and thermoelectric devices will be similar and the results presented in this chapter
will be relevant to thermoelectric devices also.
This analysis suggests that the local density of states in a thermoelectric device, should be related to the transmission probability for a similarly structured
thermionic device. The local density of states for a superlattice may be calculated
using the Kronig-Penney model [17, 70], which specifies that the wave vectors are
related by


1 mb k w mw k b
cos(k L) = cos(k Lw ) cos(k Lb ) −
+
2 mw k b mb k w
× sin(k w Lw ) sin(k b Lb )
sl

w

b

(4.31)

for energies above the barrier height and


1 mb k w
mw q b
cos(k L) = cos(k Lw ) cosh(q Lb ) −
+
2 mw q b mb k w
× sin(k w Lw ) sinh(q b Lb )
sl

w

b

(4.32)

for energies below the barrier height, where
kw =

kb =

p

√

2mw E/~,

(4.33)

2mb (E − EB )/~

(4.34)
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Figure 4.10: (a) The local density of states and (b) transmission probability calculated for a superlattice with 20 nm barriers of height 0.3 eV separated by 20 nm
wells with an electron effective mass of 0.067me .

and
qb =

p

2mb (EB − E)/~

(4.35)

are wave vectors in the (b)arrier and (w)ell sections, mw/b are the effective masses, k sl
is wave vector of the superlattice and EB the barrier energy. Allowed transmission
energies will give −1 < cos(k sl L) < 1. Such analysis with the Kronig-Penney model
provides a simple way to design a many barrier structure such that the transmission
bands are positioned and have widths as desired. The local density of states is then
calculated using the Kronig-Penney model as [17]

−1
π ∂E
D(E) =
.
2 ∂κ

(4.36)

Figure 4.10 shows the density of states and transmission probability calculated for a
superlattice structure showing the clear relationship between the two. As one would
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expect, both show the same miniband structure. When varying the device structure
to enhance the electron energy spectrum, one must be careful this does not decrease
2
electron velocity which may reduce current. Thus, the optimisation of Dl vxl τ in
a thermoelectric device may be a difficult problem.

4.8

Comparison between conventional and total
momentum filtered thermionic devices

In this chapter, filtering the electron energy spectrum according to total electron
energy rather than longitudinal energy has been shown to be superior in a number
of ways. Firstly, kr devices may theoretically achieve Carnot efficiency, while kx
thermionic devices are fundamentally limited to efficiencies less than the Carnot
limit. Secondly, kr -filtering provides greater control over the electron energy spectrum with sharp transmission probabilities that yield high electronic efficiency and
allow more precise tuning. Thirdly, kr devices give higher power since all hot electrons are transmitted rather than only those with large momentum in the longitudinal direction. In this section we move beyond pure issues of the electron energy spectra of kx and kr devices and compare them in two simple applications:
(1) single-barrier thermionic refrigeration and (2) refrigeration using resonant tunnelling. These are two types of devices that function at different extremes of energy
filtering, with the single-barrier giving a broad energy spectrum and the resonance
giving a highly restricted energy spectrum. It should be noted that the two hypothetical devices considered here are not intended to suggest the form that kr devices
might first be realised experimentally. These systems were chosen for comparison
with established kx systems to show the advantages of kr -filtering and provide motivation for their experimental realisation.

4.8.1

Single-barrier kx and kr thermionic devices

The Richardson equation was described in Section 3.2.3 and Richardson-style equations derived for hypothetical single-barrier kr devices in Section 3.3.3. Figures
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Figure 4.11: The net (a) electrical and (b) cooling currents leaving the cold reservoir
for single-barrier kx and kr refrigerators. TC = 290 K, TH = 300 K, µC = 0.225 eV,
φ = 0.075 V, Rth = 10−6 m2 K/W and m∗ = 0.067me .

4.11(a) and 4.11(b) show the calculated net electrical and cooling currents out of the
cold reservoir for the single-barrier thermionic refrigerators in a room-temperature
scenario. Both electrical and cooling currents are more than ten times larger for the
kr device than the kx device. This has been explained to be the result of more hot
electrons being permitted over the barrier and is also evident in the Richardson-style
equations derived for the single-barrier kr device. Repeated here for convenience,
the electrical current density out of the cold reservoir using the Richardson equation
(Equation 3.41) and Richardson-style kr equation (Equation 3.66) are


−eφ
kx
∗ 2
JC→ = A TC exp
kB TC

(4.37)
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Figure 4.12: The COP and electronic COP relative to the Carnot value for singlebarrier kx and kr thermionic devices. TC = 290 K, TH = 300 K, µC = 0.225 eV, φ
= 0.075 V, Rth = 10−6 m2 K/W and m∗ = 0.067me .

and
kr
JC→

A∗
=
(eφ + µC + kB TC )TC exp
kB



−eφ
kB TC


(4.38)

respectively. These equations differ only in the pre-factor to the exponential. The
ratio of current emission in single-barrier kx and kr thermionic devices is therefore
given by
J kr
=
J kx



eφ + µC
1+
kB TC


,

(4.39)

which shows that current is always higher in with the kr device. Although it may not
be expressed with the same mathematical elegance, comparison of the exponential
pre-factors for the cooling current equations similarly reveals that cooling current
will always be higher with the kr device.
The larger current emission in a kr system becomes most important when there
is lattice heat backflow in the system that must be overcome. Figure 4.12 shows
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the COPs and electrical COPs of the kx and kr single-barrier refrigerators with
thermal resistance of Rth = 10−6 m2 K/W. The larger cooling current of the kr
device results in a considerably higher COP than the kx device, which struggles to
overcome the lattice heat backflow. With a smaller value of thermal resistance than
the relatively high value used here, the superiority of the kr device would be even
more pronounced. A kr thermionic refrigerator could operate at higher temperature
differentials, with larger thermal conductivities and with a higher COP than a kx
thermionic refrigerator.
The electronic efficiency of the kr device is higher than that of the kx device as
we would expect from the earlier analysis and makes a small contribution to the
efficiency gain in the practical device with losses.

4.8.2

Resonant tunnelling kx and kr thermionic devices

A narrow electron energy spectrum, achieved for instance via resonant tunnelling
through a bound state in a quantum well, might be desirable for a high efficiency
device. The comparison of kx and kr devices will now be extended to a resonant
tunnelling refrigeration scenario with lattice heat backflow. To keep the comparison
simple we will assume that the width of the resonance is very thin so that the
currents may be calculated by evaluating the integrals at the transmission energy,
E 0 , and multiplying by the resonance width, which is taken to be 1 meV. Using
Equations 3.10 and 3.22 we obtain for the kx device
J kx =


e
nkCx (Ex0 )δEx − nkHx (Ex0 ) δEx
2π~

(4.40)

and
Q̇kx =

1
1
(Ex0 +kB TC −µC )nkCx (Ex0 )δEx −
(E 0 +kB TH −µC )nkCx (Ex0 )δEx (4.41)
2π~
2π~ x

for the net electrical and cooling current densities respectively. In a similar manner,
using Equations 3.56 and 3.57, the equations for net electrical and cooling current
out of the cold reservoir for the kr device are given by
J kr =

em∗ 0
E (fC (E 0 ) − fH (E 0 )) δE
2
3
2π ~

(4.42)

4.8. Comparison between conventional and total momentum filtered
thermionic devices
75
and
Q̇kr =

m∗
(E 0 − µC )E 0 (fC (E 0 ) − fH (E 0 )) δE
2π 2 ~3

(4.43)

respectively.
Figure 4.13 shows that the electronic COP of the kr device approaches the Carnot
limit as we would expect given the analysis of Section 4.4, with that of the kx device
being lower. When the transmission energy is more than a few kB T from the Fermi
energy, as is the case considered in Figure 4.13, the kr device outperforms the kx
device when lattice heat backflow is included. The cooling current in the resonant
transmission device is significantly lower than the single-barrier device and thus
losses must be very low.

Figure 4.13: The relative COPs for kx and kr resonant transmission refrigerators.
E 0 = 0.2 eV, δE = 1 meV, TC = 270 K, TH = 300 K, µC = 0.1 eV, m∗ = 0.067me
and Rth = 10−4 m2 K/W.

A limit exists that may be deduced using Equations 4.40, 4.41, 4.42 and 4.43
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Figure 4.14: The relative COP for low transmission energy (E 0 = 0.11 eV, δE =
1 meV, TC = 270 K, TH = 300 K and Rth = 10−4 m2 K/W) and high temperature
(E 0 = 0.2 eV, TC = 2970 K, TH = 3000 K and Rth = 10−5 m2 K/W) resonant
transmission refrigerators where the kx refrigerator outperforms the kr refrigerator.
µC = 0.1 eV and m∗ = 0.067me .

where a resonant tunnelling kx device outperforms a kr device. When




 0
−1
E0 − µ
E −µ
0
kB T log 1 + exp −
> E 1 + exp
kB T
kB T

(4.44)

and
E 0 + kB T − µ > E 0 − µ

(4.45)

the kx device will perform better in the presence of phonon heat backflow (or other
backflow loss mechanism). This is satisfied at high temperatures or when the transmission energy is very close to the electrochemical potential relative to kB T . In this
limit, the average thermal energy is large compared to the filter energy. Because
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the kr -filter cuts off electrons with higher total energies in this special case with a
very narrow energy filter, the kx device can remove hotter electrons that have large
momentum in the transverse direction since it does not filter these. Figure 4.14
shows the COPs evaluated in conditions where the resonance is at very low energy
and for a device operating at high temperature. It should be noted though that it
is not likely that a device would be operated in these regimes and this instance of a
kr device outperforming a kx device is a very specific case. In devices where there
is no upper bound on electron energy, as will generally be the case, a kr system will
always outperform a kx system.

4.9

Conclusions

In this section three main criteria for high electronic efficiency in thermionic power
generators and refrigerators were established. Firstly, it was shown that the narrower
the energy spectrum the higher the electronic efficiency. However, in general, a gain
in electronic efficiency via this mechanism is obtained at the expense of device power.
The second criterion was that the sharper the transition from zero to full transmission in the energy spectrum, the higher the electronic efficiency. This second
method offers the significant advantage of improving the electronic efficiency without sacrificing power through the use of a narrow filter. The maximum power
achievable is also greater with a sharply rising transmission probability when the
electrochemical potentials are appropriately tuned. The energy spectrum associated
with maximum power was discussed in Section 4.2 and shown to require a perfectly
sharp transmission probability.
The third way to improve the electron energy spectrum of a thermionic device
was to select electrons for transmission according to their total momentum, rather
than only that in the longitudinal direction. This allows for sharper filtering of
the electron energy spectrum for high electronic efficiencies and higher power by
involving more hot electrons in the transport process. Importantly, conventional kx
devices, unlike total momentum filtered kr devices, were shown to be fundamentally limited to efficiencies/COPs lower than the Carnot limit. Two hypothetical kr
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devices were considered and shown to be significantly superior to conventional kx
devices in all but very special cases. This superiority provides motivation for the
development of practical devices that allow the selection of electrons for transport
to occur on the basis of more than just those satisfying a longitudinal energy requirement. One example of how such electron filtering might be achieved is with
non-planar emission surfaces as suggested by Bian and Shakouri [66]. They have proposed using superlattices with zigzagged interfaces, which would allow hot electrons
reflected from one surface to possibly be emitted from another that they approach
at a different angle. Systems where electron momentum is scattered or transport
occurs through quantum dots are other possible candidates.
It was discussed how thermoelectric and thermionic devices function on the same
basic phenomena and their transport formalisms reduce to the same form when
considered over devices lengths around the electron mean free path. Thermoelectric devices are thus expected to have a similar dependence on the electron energy
spectrum to thermionic devices.

Chapter 5
Solid-state multilayer thermionic
devices
5.1

Introduction

In Chapter 4 the effect that the nature of the energy spectrum of transmitted electrons has on thermionic performance was examined. In the remainder of this thesis
the principles learned from this analysis will be applied to a number of different
thermionic devices, with their electron energy spectra being discussed and novel
ways improve their performance proposed. The first of these will be solid-state
multilayer thermionic devices, which will be considered in this chapter. Multilayer
devices offer a number of advantages over alternatives for thermionic devices such
as low controllable work-functions and design flexibility for engineering the electron
energy spectrum.
Solid-state devices such as multilayer devices that feature more than one type
of material are referred to as heterostructures. The two most common methods
used to grow heterostructures are molecular-beam epitaxy (MBE) and metal-organic
chemical vapour deposition (MOCVD) [70]. Using these techniques it is possible to
grow heterostructures with layers of different materials featuring abrupt interfaces
and layer thicknesses down to the monolayer level [3]. The simplest multilayer
thermionic device is the single-barrier, as shown in Fig. 5.1. In such a device, the
conduction band offset is determined by the materials chosen. The electrochemical
79
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Figure 5.1: Schematic and band diagram for an example single-barrier multilayer
GaAs/Alx Ga1−x As heterostructure.

potential may be appropriately set by doping the reservoirs.
The barrier potential profiles considered in previous theoretical studies of thermionic
devices have generally been conventional single-barriers, like that in Figure 5.1, with
width around the electron mean free path (b = λ). We will examine the electron
energy spectrum of such devices. Growth techniques also allow more complex structures to be realised, some of which will be considered here. For example, a triangular
potential profile could be realised by linearly increasing the Al content in the barrier to a maximum in the centre, before ramping it back down. The barrier itself
could also be broken up into multiple layers, consisting of ‘mini-barriers’ as shown
in Figure 5.2. The structure of the barrier can also effect other device properties,
such as the thermal conductivity, as will be discussed later. Any barrier potential
profile may be combined to form a structure with multiple barriers, as proposed by
Mahan et al. [32, 33] and shown in Figure 2.4, to achieve larger overall temperature
differences. Here we will consider the electrical transport properties of individual
barriers, which could then be used in single or multi-barrier devices.
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Figure 5.2: Schematic and band diagram for an example single-barrier multilayer
GaAs/Alx Ga1−x As heterostructure, where the barrier is broken down into ‘minibarriers’.

In this chapter we will examine how the properties of the barriers effect the efficiency of the solid-state thermionic device. The effect that the barrier width has on
the COP through changes in thermal conductivity and the electron energy spectrum
will be considered. Measurable properties relating to multilayer thermionic devices
that could be used by experimentalists to ascertain the nature of the electron energy
spectrum will be discussed. The electron energy spectra of a number of solid-state
potential profiles are analysed to determine the desirable properties of a solid-state
thermionic barrier. Based on the principles learned from this and a review of thermal
conductivity in multilayers, thermionic devices that utilise short-period mini-barrier
structures will be analysed in detail, which may offer the potential of significantly
improved performance over conventional barriers. Aside from the section analysing
the effect of varying barrier width, the overall width of all of the barriers will be
around the electron mean free path. The barrier widths will also be assumed to be
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such that electron transmission is coherent, which means quantum mechanical transmission effects such as reflection and miniband formation will occur. The barrier
structures examined here could be directly applied to numerous thermionic devices
that feature mean free path wide barriers [2,32,33,34] and easily extended to others.

5.2

Effect of barrier width

In Section 4.5 it was shown that transmission probabilities that rise sharply from
zero to full transmission give higher electronic efficiencies/COPs. Figure 5.3 shows
the transmission probabilities for 10-nm and 100-nm single-barrier potential profiles
with rounded barrier tops due to space charge accumulation, where the system has
been tuned for maximum COP. This shows that the wider the barrier is, the sharper
the rise in the transmission probability. Narrower barriers allow more tunnelling
current resulting in a gradual rise to full transmission. It is therefore expected that
a wide barrier will give a COP improvement due to an enhanced electron energy
spectrum.
Figure 5.4 shows the calculated electronic COP (tuned to the maximum value
by varying the applied bias) versus the width of the single-barrier in a device. The
electronic COP allows us to determine how much of a performance gain the increase
in the sharpness of the electron energy spectrum gives. For the system considered in
Figure 5.4, the electron energy spectrum enhancement gives improved performance
up to around 30 nm, beyond which the electronic COP is found to be relatively
constant. Hence, there is little motivation in terms of electronic efficiency to increase
the barrier width beyond this value.
A wider barrier will also give a higher COP due to reduced lattice heat backflow, since this is inversely proportional to the barrier width (see Equation 2.11).
The gain in the COP due to this will continue indefinitely as the barrier width is
increased. Therefore, the primary motivation to increase the width of the barrier
to the maximum possible value in a thermionic device is to reduce the lattice heat
backflow. As has been mentioned earlier, the maximum width of the barrier is restricted to around the electron mean free path so that electron transport is ballistic
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The transmission probabilities for 10-nm (dashed line) and 100-nm

(solid line) single-barriers of height 0.3 eV where the barrier tops are rounded due
to space charge effects. m∗ = 0.067me .

in the device. If one is using a more complex barrier structure the transmission
probability may be considerably more complicated than the simple single-barrier
case, in which case one should still ensure that the transmission probability rises
sharply so that electronic efficiency is not reduced.

5.3

Experimentally measurable properties related
to electronic efficiency

It is desirable to be able to perform experimental measurements on a thermionic
device to determine the nature of the electron energy spectrum. Phonon heat leaks
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Figure 5.4: The relative electronic COP (tuned for maximum value) of a singlebarrier thermionic refrigerator versus the barrier width. TC = 270 K, TH = 300 K,
µC = 0.1 eV, EB = 0.3 eV and m∗ = 0.067me .

and contact resistances in practical devices make direct measurement of the electronic efficiency difficult. In this section experimental properties that may be used to
provide an indication of the shape of the electron energy spectrum, and through this
the electronic efficiency, are discussed. Ballistic electron microscopy/spectroscopy
(BEEM/S) is another method that may be useful for determining the characteristics
of the electron energy spectrum [82].
Figure 5.5 shows a thermionic refrigerator circuit with contact resistances. The
current-voltage behaviour of a thermionic device is determined by the voltage across
the barrier, V B , as shown in Figure 5.5. Measuring the current I, for a certain supply
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Figure 5.5: A thermionic circuit showing contact resistances RA and RB , source
voltage V S and barrier voltage V B .

voltage V S , V B may be determined as
V B = V S + I(RA + RB )

(5.1)

where RA and RB are contact resistances, when the device is generating power.
Increasing the bias, the net electrical current decreases and eventually reaches zero
after which current flows in the opposite direction. This is referred to as the ‘open
B
circuit voltage’, VOC
. Using the open circuit voltage, an effective Seebeck coefficient

may be calculated as
B
VOC
S=
.
TH − TC

(5.2)

At open circuit voltage, the energy specific equilibrium energy, E0 , isf
µC TH − µOC
H TC
TH − TC
TC
B
= µC + eVOC
TH − TC

E0VOC =

= µC + eSTC

(5.3)
(5.4)
(5.5)

and is linearly related to the effective Seebeck coefficient. We recall from Section
4.2 that net current flow below E0 is from the cold to hot side and net current
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flow above E0 is from the hot to cold side. Since net current is zero at VOC , this
means that at this bias E0VOC is positioned such that the current in one direction
above it equals the current in the opposite direction below it. The sharpness of
the transmission probability will therefore effect the energy of E0VOC , which we have
just shown can be conveniently determined through the effective Seebeck coefficient.
For a sharply rising transmission probability associated with a wide barrier, E0VOC is
positioned as shown Figure 5.6, well above the barrier energy. A narrower barrier,
which gives a more gradually rising transmission probability, will have significant
electronic transport at energies lower than that of the wide barrier due to increased
tunnelling. This electron transmission at lower energy is found to shift E0VOC to lower
energy, as shown in Figure 5.6. Measuring the energy of E0VOC through the effective
Seebeck coefficient relative to a convenient reference energy, which here will be the
barrier energy, we will have a ‘sharpness indicator’ for the transmission probability
of the device. Since EB = eφ + µC the sharpness indicator may be expressed as
ψ = E0VOC − EB

(5.6)

= eSTC − eφ.

(5.7)

If this measure were to be used for a more complex transmission probability, such as
that of a system with mini-barriers, the ‘turn-on’ energy (energy at which electron
transmission first switches from zero to full transmission) should be used as an
‘effective barrier height’ in the sharpness indicator calculation. This energy might be
determined via a transmission probability or Kronig-Penney calculation. If multiple
bands are present, the width of the first band should be sufficiently wide so that the
distribution function converges in this energy range in order of this method to be
reliable.
A higher sharpness indicator is desirable, indicating a sharper transmission probability and therefore higher electronic efficiency/COP. The sharpness indicator has
the advantage over the effective Seebeck coefficient in this situation of being less
dependent on the electrochemical potential/barrier height and more so on the sharpness of the energy spectrum. Figure 5.7 shows the calculated sharpness indicator
and electronic efficiency for a single-barrier thermionic device. Here, the electro-

5.4. Effect of barrier potential profile

Figure 5.6:

87

The transmission probabilities for a wide and narrow single-barrier

thermionic device. E0VOC , EB and the resulting ψ are indicated. E0VOC is shifted
to lower energy for a more gradually rising transmission probability, resulting in a
smaller sharpness indicator.

chemical potentials have been varied to give a constant effective Seebeck coefficient
as barrier width and the transmission probability sharpness change. It can be seen
that the behaviour of the sharpness indicator closely follows that of the electronic
efficiency. While the Seebeck coefficient remains constant, the sharpness indicator
increases with electronic efficiency.

5.4

Effect of barrier potential profile

As was discussed in Section 5.2 the use of barriers with widths around the electron
mean free path is desirable. In this section a number of barrier potential profiles
will be considered, all with total width equal to the electron mean free path, in
order to examine the factors that effect the electron energy spectrum and what
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Figure 5.7: The (a) sharpness indicator and (b) maximum relative electronic efficiency versus single-barrier width. The cold reservoir electrochemical potential has
been tuned so that the effective Seebeck coefficient is constant for each barrier width.
TC = 270 K, TH = 300 K, EB = 0.3 eV, m∗ = 0.067me and S = 0.54 mV/K..

type of spectrum one should aim for in a device. The thermal conductivity of each
barrier structure will be chosen to be identical in this section so we may focus on
the role of the electron energy spectrum. The effect of the structure on thermal
conductivity will be discussed in later sections. Seven different systems will be
examined. Calculations will be performed using the Richardson equation, which
will provide a basis for comparison. A single angular barrier will be considered,
with a potential profile that abruptly changes at the material interface and varies
only linearly with bias voltage over the barrier width. A single angular barrier will be
considered, with a potential profile that abruptly changes at the material interface
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Figure 5.8: The potential profiles for a single angular barrier (left), single rounded
barrier (centre) and single triangular barrier (right) as used in calculations.

and varies only linearly with bias voltage over the barrier width. Such a potential
profile is commonly seen in textbooks and is often referred to as a single square
barrier (here we refer to it as an angular barrier as the applied bias means it is no
longer truly ‘square’). A single-barrier with rounded potential profile will be used,
which is the shape that occurs when space charge accumulation in the barrier region
is significant. A novel triangular potential is considered, which might be achieved,
for example, by ramping the Al content in an Alx Ga1−x As barrier, to examine the
effect of having a very steadily changing potential. The potential profiles associated
with these barriers are shown in Figure 5.8. Three systems where the mean free
path width barrier region of the device is broken down into mini-barriers are then
considered. This allows the examination of how the electron energy spectrum and
performance might be effected by using multiple barriers over a distance less than the
mean free path length. Systems with three, ten and twenty-five angular barriers with
mini-barrier widths/separations of 40/40, 11/9 and 4/4 nanometres respectively are
considered. In this section an electron mean free path of 200 nm will be assumed
and thermal resistance of 2 m2 K/W used.
The transmission probability, at zero bias, calculated for each potential profile is shown in Figure 5.9 for the single-barrier potential profiles and Figure 5.10
for the mini-barrier potential profiles. Each system gives a significantly different
transmission probability that will effect device performance in different ways. The
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Figure 5.9: The transmission probabilities for the single-barrier potential profiles
examined. EB = 0.3 eV and m∗ = 0.07me .

transmission probability is recalculated for each different bias voltage. Figures 5.11,
5.12 and 5.13 show the electronic COP, COP with lattice heat backflow and net cooling current respectively for each system versus bias voltage. Table 5.1 summarises
the results, showing the maximum COP and electronic COP in addition to cooling
current at 1 mV for each system.
The mini-barrier systems considered all have high electronic efficiencies because
not only do their transmission probabilities rise sharply, but they also have less
electrons being transmitted at higher energies away from E0 . Of the mini-barrier
systems, the ten-barrier device has the lowest electronic COP due to a reduction in
the effective work-function (because the turn-on energy of the transmission probability is lower), meaning that colder electrons are being involved in transport.
Out of the single-barrier devices the Richardson system gives the highest electronic
COP because it assumes a perfectly sharp transmission probability. The angular
single-barrier gives a transmission probability with a beating effect after the turnon energy. The electronic COP of this device is high because not only does it possess
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Figure 5.10: The transmission probabilities for the mini-barrier potential profiles
examined. EB = 0.3 eV and m∗ = 0.07me .

Table 5.1: Summary of calculated maximum relative electronic COPs, relative COPs
and heat currents for each potential profile.
System

max
ηelec

η max

Q̇(1 mV)
(MW/m2 )

Richardson single-barrier

0.57

0.23

1.85

Angular single-barrier

0.57

0.15

0.92

Rounded single-barrier

0.56

0.22

1.82

Triangular single-barrier

0.53

0.23

2.26

Three mini-barrier

0.57

0.12

0.64

Ten mini-barrier

0.54

0.10

0.54

Twenty-five mini-barrier

0.60

0.13

0.68
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The relative electronic COP versus bias for each potential profile

examined. TH = 300 K, TC = 299.9 K, µC = 0.225 eV, EB = 0.3 eV and m∗ =
0.07me .

a sharply rising transmission probability, but electron transmission above E0 is also
reduced by the beating effect. The rounded single-barrier most closely resembles
the potential profile expected in a conventional single-barrier device. This has a
sharply rising transmission probability with minimal above the barrier beating and
closely resembles the transmission probability assumed by the Richardson equation.
The calculated electronic COP is slightly lower than that of the Richardson device
though, because the finite slope in the transmission probability does have an effect.
The triangular single-barrier has a very gradually rising transmission probability
with increased tunnelling current due to its lower average thickness. As a result, it
has a lower electronic COP.
It is very important to include the lattice heat backflow when comparing the
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Figure 5.12: The relative COP versus bias for each potential profile examined. TH
= 300 K, TC = 299.9 K, µC = 0.225 eV, EB = 0.3 eV, m∗ = 0.07me and Rth = 2
m2 × 10−6 K/W.

predicted performances associated with the different potential profiles. When finite
thermal conductivity is considered, the relative performance of each system changes.
It is found that the magnitude of the cooling current transmitted becomes the most
important factor in determining the COP when considerable lattice heat backflow
is present, as will be the case with devices made from presently available materials.
The cooling current may be loosely correlated with the area under the transmission
probability curve since it depends on the number of electrons transmitted. The
angular single-barrier has significantly reduced cooling current due to the beating
transmission probability and therefore a poor COP relative to the Richardson system. The triangular barrier has a high COP due to the fact it has high cooling
current resulting from uniform transmission above the barrier energy and tunnelling
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Figure 5.13: The cooling current versus bias for each potential profile examined.
TH = 300 K, TC = 299.9 K, µC = 0.225 eV, EB = 0.3 eV and m∗ = 0.07me .

current. It should be noted that the systems with sharp transmission probabilities,
such as the rounded single-barrier, are capable of achieving higher cooling currents
than the triangular barrier if µC was tuned to achieve this (for reasons discussed
in Section 4.2). The COP and cooling current of the rounded single-barrier is very
close to that of the Richardson device as expected. The mini-barrier systems examined here all have lower cooling current due to quantum mechanical reflection of
electrons above the barrier energy and as a result, poor COPs.
Based on this analysis a number of conclusions may be drawn as to the electron
energy spectrum and other properties that are desirable for achieving a high COP in
a solid-state multilayer thermionic refrigerator. Firstly, a transmission probability
that rises sharply from zero to full transmission is desirable so that maximum power
may be achieved and efficiency is not reduced. Secondly, since lattice heat back-
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flow will be significant, high cooling power is needed. This requires a transmission
probability that is as uniform as possible above the barrier energy. This can be
easily achieved with conventional single-barrier devices where barrier rounding due
to space charge effects will occur, but is more difficult in mini-barrier devices where
significant electron reflection above the barrier energy was observed. Thirdly, since
the COP is significantly reduced by the lattice heat backflow, structures and materials capable of barrier thermal resistances as high as possible should be used. Since
thermal resistance is given by Rth = b/κ, one should seek materials with the best
possible combination of high electron mean free path and low thermal conductivity.
A detailed study of the properties of materials suitable for thermionic emission has
been performed by Shakouri and LaBounty [37].
This analysis may seem to suggest that conventional single-barriers will remain the most effective for thermionic refrigeration. The barriers in conventional
thermionic devices are generally made with bulk or alloy materials. In the next
section experimental results will be reviewed showing that it is possible to achieve
lower thermal conductivities using a properly structured superlattice than with bulk
or alloy materials. Based on this, it is proposed that the most effective structure for
a solid-state multilayer thermionic refrigerator is a short-period mini-barrier device,
where the structure of the device is carefully chosen so that current emission close
to that of the Richardson equation is achieved. It will be described in detail how
transmission of this nature may be achieved in such a structure.

5.5

Reduced thermal conductivity of superlattices

The thermal conductivity of superlattices can be reduced due to effects such as
phonon scattering at the material interfaces and phonon localisation [83]. A number
of groups have reported the experimental observation of superlattices having thermal
conductivities much lower than that of their bulk constituents and even lower than
the alloy [3, 84, 85].
Capinski et al. performed experiments measuring the thermal conductivity of
GaAs/AlAs superlattices perpendicular to the interfaces for different period thick-
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ness as a function of temperature [3]. They found that the thermal conductivity of
the superlattices generally decreased as the period became shorter. Interestingly,
minimum thermal conductivity at 300 K was reported for a period of 4 monolayers of 4 Wm−1 K−1 , compared to that of the 2 monolayer period structure of 5
Wm−1 K−1 . The largest period they examined was 80 monolayers, which had the
highest thermal conductivity of approximately 14 Wm−1 K−1 . The thermal conductivity of bulk GaAs is 41.9 Wm−1 K−1 and 9.03 Wm−1 K−1 for Al0.5 Ga0.5 As [86].
Thus for AlAs/GaAs systems, the minimum thermal conductivity of the superlattice is about a factor of 10 better than bulk GaAs and, crucially, more than a factor
of 2 better than the Al0.5 Ga0.5 As alloy. Capinski et al. also reported similar results
for other GaAs/AlAs superlattices with slightly different structures [87].
Venkatasubramanian measured the thermal conductivity of Bi2 Te3 /Sb2 Te3 superlattices, isolating the lattice thermal conductivity from the total thermal conductivity (which is the sum of the lattice and electrical thermal conductivities) [84].
Bi2 Te3 and similar compounds have very low thermal conductivities and have been
the bulk materials of choice in thermoelectric devices for many years [9]. They found
that thermal conductivity decreased with decreasing superlattice period, reaching a
minimum at around 5 nm before increasing again for periodicities lower than this
and approaching the alloy limit. The minimum lattice thermal conductivity for a
period of 5 nm was 0.22 Wm−1 K−1 which is around a factor of 2.2 lower than that
of the BiSbTe3 alloy and much lower than the bulk values for Bi2 Te3 and Sb2 Te3 of
approximately 1.05 Wm−1 K−1 and 0.96 Wm−1 K−1 respectively. Thermal conductivity measurements were also performed on 3 superlattices with 6 nm periods (with
the Bi2 Te3 /Sb2 Te3 layers of 3/3 nm, 1/5 nm and 2/4 nm), revealing that all three
gave almost identical thermal conductivities. This would suggest that it is primarily
the superlattice periodicity that gives the reduced thermal conductivity properties
rather than the internal structure of that period, allowing design flexibility in this
respect.
Borca-Tascuic et al. performed similar total thermal conductivity measurements
on Si/Ge superlattices, also reporting significantly lower thermal conductivity in
the superlattices compared to their bulk constituents or the alloy [85]. At 300 K,
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they reported thermal conductivities of around 2.9 Wm−1 K−1 , 3.1 Wm−1 K−1 and
4.0 Wm−1 K−1 respectively for periods of 14nm, 9 nm, 4.4 nm again showing that
the smallest periodicity does not give the lowest thermal conductivity. These values
compare to 130 Wm−1 K−1 , 58 Wm−1 K−1 and 5.2 Wcm−1 K−1 for bulk Si [88], bulk
Ge [88] and a SiGe alloy [85] respectively. Again, significant reductions in thermal
conductivity of around a factor of two relative to the alloy and around a factor of
fifty relative to bulk Si are seen with the superlattice. Lee et al. have also reported
similar results, with Si/Ge superlattice thermal conductivity lower than that of the
alloy [89].
Broadly speaking, these results show that with a superlattice structure it is possible to achieve around a factor of two reduction in the thermal conductivity relative
to the alloy and around a factor of ten reduction relative to the bulk constituents.
Reductions in the thermal conductivity of these magnitudes can result in a significant improvement in the performance of a thermionic device, as shown in Figure
5.14. This figure provides an indication of how significant the performance gains
are with reduced thermal conductivity for an example thermionic system, with the
COP of the superlattice system being almost a factor of two higher than that of
the alloy. Experimental measurements carried out by Shakouri et al. showed improved cooling performance with a multilayered barrier (with 40 nm mini-barriers
and 10 nm mini-wells) compared to a conventional barrier, with reduced thermal
conductivity being cited as a likely contributing factor [57].
It should be noted, that superlattice thermal conductivity lower than the alloy
limit might not be observed with all materials. To date, experimental superlattice
thermal conductivity data has not been reported for all candidate thermionic device
materials. The experimental results reviewed above clearly show that with the
materials used thermal conductivity lower than the alloy limit can be achieved by
utilising an appropriately structured superlattice. The analysis presented in this
section for short-period superlattices with low thermal conductivity is based upon
their published results.
Based on this experimental data lattice leaked heat in a superlattice thermionic
device would be minimised with a periodicity of around 1 nm to 14 nm, the precise
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Figure 5.14: The relative COP versus thermal conductivity relative to a bulk value
of 1.5 Wm−1 K−1 for an example single-barrier thermionic device. b = 100 nm, m∗
= 0.1me , φ = 0.075 eV, TC = 299 K and TH = 300 K.

value of which would depend on the materials being used. Such a design would
require barriers less than these lengths. Thermionic devices with barrier widths
in this range have not been considered in detail. The typical choice of mean free
path wide barriers is motivated from a desire to achieve ballistic transport whilst
maximising thermal resistance. Ballistic transport is a crucial part of thermionic
devices. However, electron mean free path wide barriers will not give minimum
thermal conductivity, even when arrayed in multi-barrier superlattices. Here we will
consider in detail electronic transport in mean free path wide short-period superlattice barriers with periodicities less than 20 nm that have been experimentally shown
to give reduced thermal conductivity in a variety of materials. Thus κ will be reduced by using a short-period superlattice whilst maintaining the overall b at around
the electron mean free path length. Since no model exists that can satisfactorily
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calculate the magnitude of the lattice heat backflow in an arbitrary superlattice, we
will assume that the superlattice periodicities with low thermal conductivity will
be determined through experiment. Here, the focus is on the electronic transport
properties of the structures likely to have low thermal conductivity.

5.6

Effect of mini-barrier periodicity and depth

In a mini-barrier thermionic device, thin alternating layers of semiconductor materials with different bandgaps are used to form a macro-barrier over which electrons
travel ballistically, as shown in Figure 5.15. While the goal is to minimise thermal
conductivity, this will be worthless if the cooling current carried by electrons from
the cold reservoir is significantly reduced. It is therefore necessary to optimise the
device so that thermal conductivity is reduced whilst high cooling current due to
electrons is maintained. The effect the mini-barrier structure has on cooling current,
and the magnitude of the cooling currents that can be achieved, will be considered
in this section. As was discussed in Section 5.4, a sharply rising transmission probability with near uniform transmission above the turn-on energy is desirable for
high power. Here it will be discussed how this may be achieved with a mini-barrier
structure, in addition to other issues such as the effective work-function.
Firstly, we examine the effect the mini-barrier height has on cooling current by
introducing mini-barriers into the potential profile of an Al0.1 Ga0.9 As barrier with
electrodes doped to 5×1018 cm−3 . We do this so we may analyse the effect the minibarrier height and width has on cooling current without the macro-barrier height
changing. Figure 5.16 shows two mini-barrier systems with different periods and the
resulting change in the macro-barrier height. In the next section calculations will
include this effect. The rounded barrier shape is due to space charge accumulation
as a result of the high reservoir doping. Figure 5.17 shows the potential profiles for
an example mini-barrier system, both undoped where the potential profile remains
angular and highly doped where the potential profile is very rounded. High doping is required for large electrochemical potentials and emission currents. In the
calculations here, all macro-barriers are 95 nm wide. However, similar results are
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The potential profile for the mini-barrier thermionic device. The

original potential profile for the conventional single-barrier is shown as the dotted
line onto which the mini-barriers are introduced as shown.

obtained with different macro-barrier widths. All potential profiles are calculated
using SimWindows [72] to provide accurate band structures for practical devices.
Cooling currents are quoted for a bias voltage of 10 mV with cold/hot side temperatures of 299/300 K. A fixed bias is used to allow the effects of the mini-barrier
structure on the electron energy spectrum and cooling current to be examined in
isolation.
Figure 5.18 shows the cooling current out of the cold reservoir versus the minibarrier height for a number of different mini-barrier/well widths and reveals that
the size of the mini-barriers will have a significant impact on device performance.
The systems with narrow mini-barriers produce cooling currents which increase as
the mini-wells become deeper. This is due to a lowering of the average barrier height
in the system, which causes a corresponding lowering in the turn-on energy and the
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Figure 5.16: The barrier potential profiles of mini-barrier thermionic devices with
(a) b = 0.5 nm, w = 3 nm and (b) b = 0.5 nm, w = 0.5 nm. The macro-barrier
peak energy is 11 meV higher in (a) than (b). ND = 5 × 1018 cm−3 .

Figure 5.17: The potential profiles of a mini-barrier device with (a) no doping and
(b) high doping.
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Figure 5.18: Cooling current out of the cold reservoir versus mini-barrier height for
a number of different mini-barrier/well widths as labelled. Note that the 0.5/0.5 nm
and 1/1 nm curves are almost exactly equal.

effective work-function, as shown in Figure 5.19. The Richardson equation gives
cooling currents in good agreement with these calculations when the effective workfunction is used with single-barrier like transmission probabilities. This indicates
that these short-period superlattices are capable of providing the electronic transport properties desired for high cooling current. The devices with wider mini-wells
suffer from reduced current due to transmission mini-band formation and significant
quantum reflection above the turn-on energy, as shown in Figure 5.20 for a 5/5 nm
system. The 10/10 nm system has similarly large levels of quantum mechanical reflection above the barrier energy. The effect of mini-band formation in certain wide
superlattice thermoelectric devices has been discussed by Vashaee and Shakouri [64].
Random periodicities have been investigated; these tend to give erratic transmission
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probabilities with significant reflection above the turn-on energy.

Figure 5.19:

Transmission probability versus energy for 0.5/0.5 nm mini-barrier

thermionic devices with different mini-barriers heights as labelled.

These results show that a lower effective work-function can be achieved by using
mini-barriers. It is also possible to further tune the turn-on energy, and through
this the effective work-function, by adjusting the ratio of the mini-barrier to the
mini-well width. Figure 5.21 shows the transmission probabilities for three systems
with different mini-barrier to mini-well width ratios. By decreasing the ratio, the
average barrier height can be reduced, giving a lower turn-on energy and effective
work-function. This could be useful for tuning the work-function of the device,
particularly in systems such as digital alloys where tuning of the conduction band
offsets is not possible.
The conclusion based on this analysis is that superlattices with periods preferably
less than around 5 nm are desirable (with AlGasAs) to form the thermionic barrier
if high cooling current is to be realised. In the next section the cooling currents of
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Transmission probability versus energy for 5/5 nm mini-barrier

thermionic devices with different mini-barriers heights as labelled.

practical short-period superlattice thermionic systems are examined.

5.7

Short-period superlattice thermionic device
calculations

In a practical device, the minimum width possible for a mini-barrier or mini-well
is one monolayer (0.28 nm in GaAs [3]). In the previous section, artificial minibarriers were used to isolate the effect the mini-barrier potential profile had on
cooling current. Practical devices are now considered with GaAs electrodes and a
number of AlAs/GaAs superlattices with mini-barriers down to monolayer widths.
Figure 5.22 shows the net cooling current out of the cold reservoir for 1 × N and
2 × N mini-barrier structures, in addition to the N × N structures used in the
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Figure 5.21: Transmission probability versus energy for mini-barrier systems with
different mini-barrier/well widths (all with 2 nm periodicities). As the mini-barrier
width decreases relative to the mini-well width, the turn-on energy becomes lower.

thermal conductivity measurements of Capinski et al in [3]. Here, N × M denotes a
structure with each period of the superlattice comprising of N monolayers of AlAs
and M monolayers of GaAs. Although increasing the mini-well width relative to
mini-barrier width tends to reduce the turn-on energy giving higher current, in the
calculations the transmission probability can change significantly with small structural changes. This causes cooling current to vary significantly between calculations.
The 1 × N systems give the highest cooling currents since they have a lower average barrier height and lower turn-on energy. The N × N superlattices do not show
significant changes in cooling current since the turn-on energy is roughly constant.
To choose the ideal superlattice it would be necessary to perform thermal conductivity measurements and cooling current calculations to determine the optimal
configuration. In the case above, simply using the superlattice that gave minimum
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The net cooling current out of the cold reservoir for AlAs/GaAs

superlattices versus the width of the mini-wells in monolayers. Results are shown
for 1 × N, 2 × N and N × N (as used by Capinski et al. in the discussed thermal
conductivity measurements [3]) where N is the number of GaAs monolayers.

thermal conductivity in [3], 2 × 2, would almost certainly not have yielded the
best thermionic device. A superlattice with higher well to barrier width ratio would
be expected to have similarly low thermal conductivity, but have greater cooling
current. The results here suggest that in digital alloys, superlattices with narrow
mini-barriers are likely to be most useful. Different material systems would be expected to be optimised with different superlattice structures. If the device were to
be operated in a particular regime, for example maximum efficiency or maximum
cooling, the transmission characteristics at the relevant optimal bias should be considered. Depending on the materials used, it may also be possible to use a mini-well
structure in the electrodes to reduce overall thermal conduction in a multi-barrier
thermionic device.
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The results presented here may appear to show that the effective work-function
for a system is the most important parameter. For this purpose, one might think
that conventional alloy barriers would be better suited to achieving still lower workfunctions. With alloys, such as Alx Ga1−x As for example, conduction band offsets
down to zero are possible. With the required high electrode doping however, we find
that space charge effects lead to work-functions in the order of 70 meV, which are
similar to those achievable with the 1 × N superlattices previously discussed. The
thermal conductivity of the Alx Ga1−x As barrier might be around a factor of two
or more larger than the mini-barrier structure (and greater for low x), with similar
electron cooling current. The mini-barrier device would, in this case, be significantly
superior.

5.8

Conclusions

In this chapter it was shown that the structure of a barrier and its associated potential profile have a significant effect on the performance of a thermionic device. It was
shown that wide barriers give a sharply rising transmission probability conducive
to high electronic efficiency. The primary motivation to increase the barrier width
to the electron mean free path, however, is to increase the COP by reducing lattice
heat backflow. Different barrier structures were then analysed and it was shown
that the differences in their potential profiles give rise to significant differences in
the transmission of electrons. In the presence of lattice heat backflow losses that
need to be overcome, it was found that it was most important for the device to
achieve high cooling powers. Smooth potential profiles giving Richardson-like current emission were found to be desirable. Angular potential profiles and those with
mini-barriers were shown to give significant quantum mechanical reflection above
the barrier energy, resulting in low cooling power and low efficiency. Mini-barrier
structures offer the potential of lower thermal conductivity than the relevant bulk
or alloy material, so it was suggested that a short-period mini-barrier structure that
can achieve high cooling power would be the best solid-state thermionic barrier. It
was shown that these may be structured to achieve high cooling current densities
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with low effective work-functions due to a reduction in the average height of the
barrier. A short-period mini-barrier device with thermal conductivity lower than
the alloy, but cooling current density similar to that of the Richardson equation,
would be expected to outperform a conventional thermionic barrier.
It was discussed previously that the thermionic and thermoelectric formalisms
reduce to the same form and that both classes of device are expected to have a
similar dependence on the nature of the electron energy spectrum. The mini-barrier
thermionic device design may be seen to provide a link between the design methodologies of state-of-the-art thermoelectric and thermionic devices. The best thermoelectric device to date is a Bi2 Te3 /Sb2 Te3 superlattice with the period of 1/5 nm
being that required for low thermal conductivity [21]. The short-period mini-barrier
structure may be arranged in the method suggested by Mahan [32], in a multi-barrier
thermionic device configuration with the mean free path wide barriers being separated by wide macro-wells. If one removed the macro-wells in this thermionic device
and allowed electrons to relax anywhere in the device rather than most relaxing in
the wide macro-wells, the resulting structure would be the same as the low thermal
conductivity thermoelectric device.
In the next chapter solid-state nanowire devices that allow the energy spectrum
to be engineered even further than in multilayer devices due to their reduced dimensionality will be considered.

Chapter 6
Nanowire thermionic devices
6.1

Introduction

As was discussed in Chapter 5, transverse electron energies are unrestricted in multilayer devices because the transverse dimensions of the device are very large. A
nanowire is a device whose transverse dimensions are in the nanometre range. When
electrons are confined to such a narrow transverse plane, their energies are no longer
free but will be confined to well defined quantum levels. Thus, nanowires offer
the possibility of even greater control over the energy spectrum of electrons than
multilayer devices. Since the transverse energy may be restricted leaving only longitudinal energy free, nanowires also offer the possibility of realising the kr type
filtering discussed in Chapter 4. Hicks and Dresselhaus predicted considerably enhanced thermoelectric figures of merit for nanowire devices compared to those of
bulk and superlattice devices [14]. Shakouri also suggests that the sharp features
of the density of states of low dimensional devices, such as nanowires, would be
expected to give improved results [90]. Due to all these factors, it is therefore of
considerable interest to examine whether nanowires can give the same performance
improvements when used for thermionic devices and if their energy filtering properties may be used to realise novel thermionic devices.
In this chapter, these questions are explored. Firstly, equations are derived for
thermionic emission over heterostructure barriers in nanowires. These are used to
examine the performance of conventional thermionic refrigerators to that of nanowire
109
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thermionic refrigerators. It is found that the low transverse dimensions of the
nanowire have a significant impact on the electron energy spectrum of the devices
and their performance. The equations are also used to show that a correction is
required to previous estimates of the barrier heights in heterostructure nanowires
that were calculated using the Richardson equation. Another nanowire thermionic
device is then considered. It is shown resonant tunnelling through a double-barrier
nanowire heterostructure can be used to realise narrow kr energy filters as described
in Chapter 4. This device is proposed for a low temperature (T ∼ 10 K) proofof-principle experiment demonstrating electronic efficiency approaching the Carnot
limit and the energy filtering principles described in this thesis. Calculations are
performed showing the expected behaviour of the device. At the time of writing,
experimentalists at the University of Oregon, U.S.A. were performing experiments
to measure the properties of the resonant tunnelling nanowire structures described
in this thesis. The nanowire heterostructures examined here will be InAs/InP based,
corresponding to those grown for these experiments at Lund University, Sweden.

6.2

Nanowires overview

Semiconductor whiskers were first grown and characterised in the 1960s with diameters in the order of a hundred nanometres or more [91]. Although different growth
mechanisms exist, all have been described using the vapour-liquid-solid mechanism [91]. Here a metal cluster, such as Au, acts as a catalyst under which the
whisker grows [92]. In the 1990s whiskers with diameters in the order of tens of
nanometres were grown, providing quantum confinement for new devices [93]. Since
then rapid progress has occurred both in nanowire growth and the development of
nanowire devices. Nanowires have been grown with many different materials including GaAs [93,94,95,96,97], InAs [92,93], InP [96], InAs [97,98], GaP [96], Si [99] and
AlGaAs [97, 100]. Techniques have been developed that allow the precise control of
the size, shape and position of nanowires grown on the substrate with an accuracy of
nanometres [95]. Furthermore, the nanowires may be grown with uniform diameters
over the length of the wire, which is important for quantum confinement proper-
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ties. Nanowire heterostructures are formed by switching the growth materials during
the process [4]. Various heterostructures have been grown including Si/SiGe [101],
GaAs/GaP [102], InAs/InP [4] and InAs/InAsP [103]. It has been demonstrated
that devices with high quality dislocation-free material interfaces may be grown in
InP/InAs systems [104]. This is achieved through a very slow growth process. The
uniformity of nanowire diameter and defect free interfaces make the development of
novel devices possible.
Modulation doping has been demonstrated allowing nanowire p-n junctions [105],
light-emitting diodes [106, 107], photo-detectors [107], transistors [108], inverters
[108] and biological nano-sensors [109] to be developed. Resonant tunnelling diodes
[110], single-electron transistors [111] and few-electron quantum dots [112] have been
demonstrated using nanowire heterostructures.
Hicks and Dresselhaus proposed that the reduced dimensionality of nanowires
could be utilised to enhance the electronic density of states in energy ranges advantageous to thermoelectric power generation [14]. They predicted ZT ∼ 6 for Bi2 Te3
nanowires compared to 2.5 and 0.5 for superlattice and bulk systems respectively.
Although experimental work on nanowire thermoelectrics is in early stages, measurements on nanowire composites [113, 114], nanowire arrays [115] and individual
nanowires [116] have been performed investigating their thermoelectric properties.

6.3
6.3.1

Single-barrier nanowire thermionic emission
Transverse energy levels in nanowires

The quantisation of transverse energy levels in a nanowire depends on its width
and the cross-sectional shape. We may consider the nanowire to be bound by an
infinite potential in the transverse dimensions, which means the energy levels will
be infinitesimally thin and may be calculated with relative ease. Typical nanowire
cross-section shapes include circular, hexagonal and square [117, 112], as shown in
Fig 6.1.
The energy levels for a circular cross-section potential profile are obtained through
a solution to the two-dimensional time-independent Schrödinger equation in polar
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Figure 6.1: Nanowires with (a) circular, (b) hexagonal and (c) square cross-sections.
The width of each wire, w, is in the order of nanometres.

coordinates. Solutions are given by
εn =

~2 zn2
2m∗ (w/2)2

(6.1)

where zn are zeros of the nth Bessel function. The energy levels for a hexagonal crosssection nanowire must be obtained by solving the Schrödinger equation numerically.
The energy levels for a square cross-section nanowire are given by the standard
solution to the two-dimensional infinite square well,
εi,j =

π 2 ~2 2
(i + j 2 )
2m∗ w2

(6.2)

where i, j = 1, 2, 3... are quantum numbers in the two transverse dimensions. Each
set of quantum numbers specifies a different mode in the nanowire. With all three
potential profiles, multiple modes with the same energy exist for certain sets of
quantum numbers due to the symmetries in the potential profiles.
The cross-sectional shape of the InAs/InP nanowires of interest here depend
on the crystal growth direction. Nanowires grown in the h111i direction have a
hexagonal cross-section and those grown in the h001i direction have a square crosssection [112]. Here, square cross-section nanowires will be considered because the
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transverse energy levels may be easily analytically calculated. Experimentally, such
nanowires grown in the h001i direction also have the additional advantage over
h111i direction grown wires of lacking stacking faults [4]. The general behaviour
of the energy levels (such as inter-level spacing and variation with wire width) do
not vary greatly between the different transverse potential profiles and the general
results of this chapter will be relevant to nanowires of any cross-sectional shape. The
calculations presented could easily be extended to any nanowire system by simply
changing the method used to calculate the transverse levels.
Figure 6.2 shows the transverse energy levels for wide and narrow InAs nanowires.
With narrower nanowires, the first level, εi,j , is pushed to higher energy and the
levels are spaced further apart. InAs has a relatively low electron effective mass
that enhances the separation between levels.

6.3.2

Derivation of nanowire thermionic emission equations

In this section a modified version of the Richardson equation is presented which
takes into account the transverse quantisation of energy levels in a nanowire. These
equations are derived using Maxwell-Boltzmann statistics, like the Richardson equation, and are intended to be simple and easy to analytically manipulate. They will
be more accurate for calculating thermionic emission currents in heterostructure
nanowires than using the standard Richardson equation, as has been done in the
past [4, 103].
Each transverse mode may be treated independently and can be considered in
terms of one-dimensional equations because electrons are free in only the longitudinal
direction. The system is treated as entirely one-dimensional, with one-dimensional
nanowire electron reservoirs. As is done with the Richardson equation, it is assumed
that all electrons with momentum in the longitudinal direction sufficient to overcome
the barrier energy are transmitted ballistically to the opposite reservoir. In Chapter
3 the Landauer equation was used to derive equations for thermionic transport in
three-dimensional systems. A similar Landauer equation exists for ballistic transport
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Figure 6.2: Transverse energy levels for square cross-section nanowires with electron
effective mass of 0.023me (that of InAs) and width of (a) 20 nm and (b) 100 nm.
Circles indicate levels where Equation 6.2 gives two solutions due to the symmetry
of the transverse potential.

in one-dimensional systems [70]
Z ∞
dkx
I = 2e
f (E(k), µ, T )v(kx )ξ(kx )
.
2π
0

(6.3)

Changing the variable of integration to energy, using Maxwell-Boltzmann statistics
and expressing in terms of current out of the cold reservoir, the current out of the
cold reservoir for a single mode i, j is


Z
2e ∞
E − µC
i,j
IC→ =
exp −
ξ(Ex )dEx
h 0
kB TC

(6.4)

where E = Ex + εi,j is the total energy, which is the longitudinal energy plus the
quantised transverse energy. This equation is then evaluated for the Richardson
transmission probability, which is equal to 1 for Ex > eφ + µC (see Chapter 3 for
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more details) giving
i,j
IC→



2e
eφ + εi,j
= kB TC exp −
.
h
kB TC

(6.5)

A new parameter will be defined,
ζi,j = φ +

εi,j
,
e

(6.6)

which will be dubbed the ‘effective work-function’ for transverse mode i, j. The
difference between ζ and φ is the inclusion of the transverse quantisation energy.
Physically, the inclusion of εi,j in the effective work-function takes into account the
lower occupation of higher transverse energy levels. Each nanowire mode has a
different effective work-function, with ζi,j being higher for higher transverse modes.
Using the effective work-function, the current out of the cold reservoir for mode i, j
is
i,j
IC→

2e
= kB TC exp
h



−eζi,j
kB TC


.

(6.7)

Electrical current into the cold reservoir is determined similarly and given by


−e(ζi,j + V )
2e
i,j
.
(6.8)
IC← = kB TH exp
h
kB TH
Heat current flowing out of the nanowire cold reservoir for mode i, j is found by
inserting the heat carried by each electron, E − µC , inside the integral of Equation
6.4 in the place of e, giving


Z
2 ∞
E − µC
i,j
Q̇C→ =
(E − µC ) exp −
ξ(Ex )dEx .
h eφ+µC
kB TC
Using the effective work-function and integrating by parts one obtains


2
−eζi,j
i,j
Q̇C→ = kB TC (eζi,j + kB TC ) exp
h
kB TC


kB TC
i,j
= ζi,j +
IC→
.
e

(6.9)

(6.10)
(6.11)

The equation for heat current into the cold reservoir for mode i, j is derived similarly
and is given by
Q̇i,j
C←


=

ζi,j

kB TH
+
e



i,j
IC←
.

(6.12)

In the way they are presented here, these equations are very similar in form to the
Richardson electrical and heat current equations (Equations 2.9 and 2.10). Close
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comparison reveals a number of important differences however. In the nanowire
device, the heat removed by an electron is given by the effective work-function
plus kB T rather than 2kB T as it was for the conventional device, because there
is are two fewer unfiltered dimensions of freedom. In the other two-dimensions,
energy εi,j is removed and is included in the effective work-function. The reduced
dimensionality also results in current emission being proportional to T rather than
T 2 . The Richardson equation can be generalised to N dimensions, where the onedimensional Richardson equation would be appropriate for a single mode of the
nanowire. A derivation of the generalised ND Richardson equations for electrical
and heat currents are included in the Appendix.
The net electrical and heat currents out of the cold reservoir for mode i, j are
then given by
i,j
i,j
ICi,j = IC→
− IC←

(6.13)

i,j
i,j
Q̇i,j
C = Q̇C→ − Q̇C←

(6.14)

and

respectively. Total net electrical and heat currents in the nanowires thermionic
device are found by taking a sum over all modes:
IC =

X

ICi,j

(6.15)

Q̇i,j
C .

(6.16)

i,j

Q̇C =

X
i,j

As was discussed in Section 3.2.1 the electrochemical potential is approximately
equal to the Fermi energy for the conditions of interest. The Fermi energy in a
nanowire has been shown to vary with the cross-section of the nanowire and the
carrier concentration according to the equation [118]
!
√
2π~ne w2
√
µ = kB T log
γ 2 m ∗ kB T
where γ =

X

(6.17)

exp(−n2 π 2 ~2 /2m∗ w2 kB T ) and ne is the concentration of electrons.

n

Figure 6.3 shows the variation of the electrochemical potential/Fermi energy with
nanowire width and carrier concentration. Since it has been demonstrated that the
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conduction band offset may be selectively varied using ternary alloy barriers [103]
and controlled doping of nanowires is possible [105], we shall assume that any value
of eφ and µ may be implemented in our heterostructure nanowire as required.

Figure 6.3: The variation of the Fermi energy of a nanowire with width and carrier
concentration. m∗ = 0.023me .

6.3.3

Wide nanowire limit

If the width of the nanowire is increased, we expect device behaviour to make
a smooth transition from that of a one-dimensional device to a that of a threedimensional device. This means that the equations for the nanowire thermionic
device should reduce to the Richardson equation in the wide nanowire limit. In this
limit, levels are closely spaced within a few kB T of the lowest level. This means
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an integration over all modes may be performed with multiplication by the twodimensional density of states, m∗ /2π~2 , to evaluate the equation for large width
(note that the density of states has been halved because spin degeneracy is already
accounted for in the nanowire equations). In the limit of infinite width, Equation
6.2 gives a minimum energy of zero and maximum approaching infinity. Evaluating
in this way
Z ∞


m∗
2e
eφ + ε
=
kB TC exp −
dε
2π~2
h
kB TC
0


2
em∗ kB
−eφ
2
=
T exp
2π 2 ~3 C
kB TC


IC→

(6.18)
(6.19)

which is the Richardson equation. Similarly applying this to the heat current equation

QC→ =

m∗
2π~2

∞

Z
0



eφ + ε
2
kB TC (eφ + ε + kB TC ) exp −
dε,
h
kB TC

(6.20)

and then integrating by parts to obtain
QC→

2
em∗ kB
T 2 (eφ + 2kB TC ) exp
=
2π 2 ~3 C



−eφ
kB TC


(6.21)

gives the Richardson heat current equation, as required.
The convergence of the nanowire equations with the Richardson equation may
also be verified numerically. Figure 6.4 shows the electrical and cooling currents
versus the width of the wire. As the wire width becomes large and quantum confinement effects in the transverse direction very weak, the currents approach those
given by the Richardson equation as expected. Current increases with nanowire
width due to the transverse levels dropping to lower energy where the occupation of
states is higher and more levels occupying the energy range within a few kB T of the
electrochemical potential. This is illustrated in Figure 6.5, which shows the current
transmitted for each transverse level (that is the transverse electron energy spectrum of the nanowire). Since the energy levels of the narrow nanowire are very well
separated, the second level is a few kB T (around 4kB T in this case) from the first
and contributes negligibly to current. The narrow nanowire is therefore essentially
a single mode system. The current in the wider nanowire is larger because there are
a large number of modes close to the electrochemical potential all contributing to
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overall device current. The electron energy spectrum does not decrease monotonically with energy due to the fact that some levels have two modes at a particular
energy due to the symmetry in the cross-sectional potential profile. Only the first
few levels contribute significantly to nanowire current.

Figure 6.4: Electrical (top) and cooling (bottom) currents versus nanowire width
showing convergence with the conventional bulk values given by the Richardson
equation in the wide nanowire limit. V = 10 mV, m∗ = 0.023me and φ = 0.07 V.

6.3.4

Measuring the work-function of a nanowire heterostructure

Measurements of thermionic emission over single-barriers have been used to attempt
to measure the barrier heights of InAs/InP [4] and InAs/InAs1−x Px [103] nanowire
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Figure 6.5: The transverse electron energy spectrum for nanowires of width 20 nm
and 100 nm. V = 10 mV, m∗ = 0.023me and φ = 0.07 V.

heterostructures. The conduction band offset/barrier heights of these materials had
not been experimentally measured before because it is not possible to grow multilayer structures using them due to the relatively large lattice mismatch between
InAs and InP. The small diameter of the nanowire allows lattice relaxation over its
length and therefore the formation of heterostructures with significantly different
lattice constants is possible [4]. Room-temperature current measurements were performed with TH = TC versus bias voltage. The measured current was applied to the
Richardson equation to determine an ‘effective barrier height’ for each different bias
voltage. Extrapolating to zero bias a value for the barrier height of the material
interface was determined. It should be stressed that this is not a measure of the
conduction band offset, but rather a measure of the difference between the electro-
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chemical potential and the conduction band edge of the barrier. The determination
of the barrier heights in these devices was thus determined in an approximate manner using the three-dimensional Richardson equation. In the previous section it was
shown that currents in a nanowire do not approach the Richardson limit until the
nanowire width is quite large, much larger than the 40-nm and 60-nm wires used
in the experiments. Thus although the error introduced by using three-dimensional
rather than one-dimensional equations was small, thermionic emission in nanowires
is best characterised using the equations derived in this Chapter.
Using the Richardson equation, Björk et al. calculated a work-function of eφ =
0.60 eV for a square cross-section nanowire of width 40 nm. Figure 6.6 shows the
electrical current density versus nanowire width, where the eφ has been calibrated
to give the value measured by Björk et al. at w = 40 nm. This shows that using
the Richardson equation to determine the work-function of a nanowire device gives
a value larger than is actually the case. The actual work-function for the InAs/InP
heterostructure is eφNanowire = 0.577 eV. The correction to the work-function is
small, even though it corresponds to a reduction in current of over a factor of two,
since current is exponentially related to the work-function. For thinner nanowires,
the correction would be larger. Thus, in wires with widths less than a few hundred
nanometres, the transverse quantisation levels must be taken into account and the
Richardson equation should not be used. A similar correction may be made to the
results of Persson et al. [103].

6.3.5

Single-barrier nanowire thermionic refrigeration

In this section it will be considered whether or not the reduced dimensionality of
nanowires can be used to yield higher thermionic refrigerator COPs, in a similar
fashion to the predictions of higher thermoelectric figures of merit for nanowires
over bulk and superlattice devices by Hicks and Dresselhaus [14]. The COPs of
nanowire devices will be compared to those of conventional devices calculated using
the Richardson equation, with heat backflow through the lattice included.
The InAs/InP and InAs/InAs1−x Px devices discussed in the previous section are
poor candidates for room-temperature single-barrier thermionic refrigeration. This
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Current density versus nanowire width with bulk thermionic emis-

sion values included. The parameters chosen correspond to the properties of the
nanowires analysed by Björk et al. [4] with InAs nanowire leads with effective mass
of 0.023me . This figure shows that the electrical current density equal to that of the
Richardson equation with φRichardson = 0.60 V (as quoted in [4]) for a nanowire of
width 40 nm is achieved with φNanowire = 0.577 eV. V = 0.1 mV, TH = TC = 300 K.

is primarily due to the relatively high thermal conductivity of these materials (68
Wm−1 K−1 for InP [88]), which results in large lattice heat backflow that greatly
reduces efficiency and achievable cooling. Thermal conductivities lower than 0.4
Wm−1 K−1 have been reported in state-of-the-art thermoelectric materials [21, 20].
Further, nanowires have been predicted to possibly have lower thermal conductivities
than bulk materials or superlattices due to increased phonon surface scattering and
other effects [14, 119, 120]. In this section we will consider thermionic devices where
thermal conductivity and electron effective mass are κ = 0.1 Wm−1 K−1 and m∗ =
0.1me , respectively. The heterostructure barrier height, eφ, is chosen to be 0.07 eV,
which provides relatively high thermionic emission, but is still in the regime where
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Maxwell-Boltzmann statistics are appropriate. In initial calculations the thermal
conductivity of the bulk device and the nanowire will be assumed to be equal to
allow the examination of the effect the confined electron energy spectrum has on
performance. The impact that lower thermal conductivity in nanowires would have
on the relative performance will be discussed later. Lattice heat backflow losses,
given by Equation 2.11, are subtracted from the cooling currents calculated using
Equation 6.16.
Figure 6.7 shows the COP of a nanowire thermionic refrigerator compared to
that of a conventional bulk thermionic refrigerator with the same parameters. Two
nanowire electrochemical potentials are considered. The first is held constant such
that eφ = 0.07 eV. In this case, as the nanowire width decreases, the transverse
energies are pushed to higher energy away from the fixed electrochemical potential
where the occupation of states is lower. They are also spread further apart so fewer
are contributing to current. The cooling current of narrow nanowires in this case
is very low and for w < 15 nm (with the parameters considered) cooling current is
insufficient to overcome lattice heat backflow. Since the current density is always
lower than that of the conventional thermionic refrigerator, the nanowire thermionic
refrigerator with fixed electrochemical potential never matches its COP.
The electrochemical potential changes with nanowire width however and can
also be controlled via appropriate doping. It is possible to compensate for the increase in the first transverse quantisation energy by increasing the electrochemical
potential so that the effective work-function for the first transverse mode is constant with nanowire width. This is the second electrochemical potential considered,
which is such that eφ = 0.07 eV - ε1,1 . Since the electrochemical potential inherently
increases as nanowire width decreases, as discussed in Section 6.3.2, the variation
of the work-function in this manner is realistic. In this case, rather than the current density decreasing as nanowire width decreases, it is seen to increase. This is
due to the fact that the occupation of states is now high, even as the wire width
decreases, with the large electrochemical potential. As the width becomes very narrow and only one mode is significant, the current remains roughly constant. At
the same time, the cross-sectional area of the nanowire is decreasing, which causes
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Figure 6.7: The relative COP, with bias tuned for maximum value, versus nanowire
width. The dotted line shows the efficiency of a bulk thermionic device as given by
the Richardson equation. Two curves are shown for the nanowire COP, one with
fixed electrochemical potential (eφ = 0.07 eV) and the other with electrochemical
potential adjusted to compensate for the increased total energy of the first transverse
quantisation mode (eφ = 0.07 eV - ε1,1 ). κ = 0.1 Wm−1 K−1 , b = 100 nm, TC = 295
K and TH = 300 K.

current density to rise and exceed that of the conventional device. This results in
a higher nanowire COP than the conventional device. In this limit, where only a
single nanowire mode is active, the nanowire thermionic device is operating in the
same regime as the nanowire thermoelectric device considered by Hicks and Dresselhaus [14], where it was shown to also have improved performance. Thus, this is
another case where thermoelectric and thermionic devices are behaving similarly.
Whether or not thin nanowires are capable of operating at such high current densities may be a limiting factor in determining if this improved performance can be
realised. As nanowire width becomes large, ε1,1 approaches zero and the results
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for the two different nanowire work-functions converge. For both electrochemical
potentials examined, the COP approaches the conventional bulk value as nanowire
width becomes large, as expected.
One would expect that the conventional thermionic device would have higher
thermal conductivity than nanowire thermionic device. The maximum COP of the
conventional bulk thermionic device with thermal conductivity κ = 0.1 Wm−1 K−1
considered above was 0.18ηC . With thermal conductivity double that of the nanowire,
κ = 0.2 Wm−1 K−1 , the conventional COP drops to 0.10ηC , which is below that
achieved with all nanowires with width greater than 20 nm (for both electrochemical potentials). With a five fold increase in the thermal conductivity to κ = 0.5
Wm−1 K−1 in the conventional device, thermionic cooling current is insufficient to
overcome lattice heat backflow giving a COP of zero. Thinner nanowires are also
expected to have the lowest thermal conductivity, further enhancing the efficiency
improvements they potentially offer.
The electrical and cooling currents flowing through the nanowires is of very
small magnitude. In order to achieve overall current magnitudes desirable for most
applications, it would be necessary to use many nanowires operating in parallel.
Chao and Larsson point out that because the nanowires in such a device would
need to be electrically isolated from one another, the total active area of the device
through which heat is flowing is changed by a factor γ < 1 [121]. This means that if
the current density through each nanowire is the same as that of the bulk device, a
lower net power will flow in the parallel nanowire device even though it may operate
more efficiently. With nanowires separated from each other by a distance roughly
equal to their width, γ = 1/4. In this situation the cooling power density in each
nanowire must be at least four times that given by the Richardson equation for the
conventional bulk device if it is to match its net power. Figure 6.8 shows the ratio
of net nanowire cooling power to that of the conventional device versus nanowire
width where the electrochemical potential is adjusted to compensate for the energy
of the first transverse quantisation level (as was done above). This shows that,
in principle, thin nanowires with diameters less than around 10 nm are capable
of meeting this requirement for the parameters examined. Thus, theory suggests
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that a parallel nanowire thermionic refrigerator is capable of achieving equal or
higher cooling power with higher efficiency than a conventional bulk thermionic
refrigerator. Achieving the high nanowire current densities required without the
nanowires burning out and arranging them in such a parallel manner may be very
difficult.

Figure 6.8: The ratio of nanowire to Richardson net cooling power density (with lattice heat backflow) versus nanowire width at 10 mV. eφRichardson = 0.07 eV, eφNanowire
= 0.07 eV - ε1,1 , m∗ = 0.1me and κ = 0.1 Wm−1 K−1 .

6.4

High-efficiency resonant tunnelling nanowire
power generator

In this section a resonant tunnelling nanowire thermionic device will be considered,
designed to realise efficiency approaching the Carnot limit. The purpose of this
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is to show one way that a type of kr filtering can be realised and illustrate that it
is possible to achieve the ‘ideal’ energy filtering described in Chapter 3. Through
this, it is shown that efficiencies approaching the Carnot limit are practically possible. A proof-of-principle experiment intended to observe such ideal energy filtering
and measure efficiency approaching the Carnot limit is proposed. Although this
experiment will be conducted in a specific controlled situation, the measurement
of near-Carnot efficiency in a thermionic/thermoelectric device will represent a significant breakthrough in the field and in effect show that ‘the sky is the limit’
in terms of efficiencies achievable. In addition to this, it will also be a step forward in the field of nanowires, being the first use of heterostructure nanowires for
thermionic/thermoelectric devices. In this thesis the underlying theory and design
for this device is presented.
As has been discussed, nanowires have the potential to allow almost complete
control over the electron energy spectrum because unlike conventional devices with
their unrestricted electron energies in the transverse direction, transverse energies
in nanowires are restricted. The total energy may therefore be restricted to a very
narrow range by employing a heterostructure that allows only a small range of longitudinal energies to be transported through the device. The simplest way to achieve
this is a double-barrier structure, where electrons tunnel through a resonant level
in the quantum well, as shown in Figure 6.9. This structure will be proposed here
to realise electron filtering capable of near-Carnot efficiency. The well in between
the barriers in this system effectively becomes a quantum dot, which introduces
additional complexities to the system such as Coulomb blockade effects that need to
be considered. Here the requirements such a device must satisfy in order to achieve
near-Carnot efficiency will be described in detail, before the energy levels in the
resonant tunnelling nanowire are determined. It will then be shown that this device is capable of realising the stated requirements and the structure required to do
so will be discussed. The proof-of-principle experiment will then be described and
calculations of expected device behaviour provided.
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Figure 6.9: A band diagram showing the double-barrier structure and key system
parameters. Eres is the resonant transmission energy and has energy width δEres ,
∆E is the energy gap between the first and second resonance (if any), and bS , bD
and d are the source barrier, drain barrier and dot/well widths, respectively.

6.4.1

Practical requirements for near-Carnot efficiency

There are a number of requirements the resonant tunnelling thermionic device must
meet in order to achieve efficiency approaching the Carnot value. Some of these
have been mentioned in various sections of this thesis; here we provide an overview
of them all in the context of the double-barrier nanowire structure.
Firstly, the filtering of electron energies for transmission must occur according
to their total energy. Devices with kr type filtering are capable of this (although
there may also be other filtering mechanisms also able to meet this requirement).
As was discussed in detail in Chapter 4, conventional three-dimensional multilayer
devices are not capable of filtering electrons according to their total energy because
energy in the transverse directions is unrestricted.
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Secondly, the double-barrier needs to be designed such that the longitudinal
energies are restricted to a narrow range. Efficiency is higher for smaller δEres (due
to fewer electrons being transmitted at energies away from E0 as discussed in Section
4.4). ∆Eres can be tuned by adjusting the barrier widths as will be shown.
Thirdly, one of the net resultant energy levels in the device should dominate electronic transport. Just as there are multiple transverse energy levels in the nanowire,
as discussed in Section 6.3.1, there may be multiple longitudinal energy levels also.
This will result in a complex set of net energy levels in the system. Since high
efficiency will be achieved by positioning E0 at one of these transmission energies,
the others must be at least a few kB T from this so that they contribute negligibly
to current and efficiency is not reduced by electron transmission away from E0 .
Fourthly, lattice heat backflow must be very low if high efficiency is to achieved.
Since δEres is very small, as required for near-Carnot efficiency, device power will
be very small necessitating almost zero heat backflow through the lattice.
Fifthly, the overall width of the double-barrier structure should be less than the
electron mean free path so that electrons travel ballistically through the device.
Efficiency is reduced by scattering in the heterostructure.
As will be demonstrated, a resonant tunnelling quantum dot embedded nanowire
thermionic system is capable of meeting all of these requirements.

6.4.2

Quantum energy levels in resonant tunnelling nanowires

The longitudinal levels, in the x direction, are quantised due to the double-barrier
structure. Transmission through the double-barrier is allowed at certain longitudinal energies corresponding to the bound states of the quantum dot. Electrons
with energies above the barrier height will generally be transmitted unobstructed.
However, if the bound state used for transmission is deep inside the well, the overthe-barrier current will be negligible compared to the resonant transmission (and
Coulomb blockade effects, to be discussed later, further reduce the importance of
over-the-barrier emission).
The resonant transmission energy levels are determined by numerically solving
the Schrödinger equation using the Airy function method described in Section 3.5 for
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the finite width/finite potential barrier system. Figure 6.10 shows the longitudinal
transmission energies calculated for devices with dot widths of 7 nm and 100 nm.
The narrower the dot is, the larger the spacing between adjacent longitudinal energy
levels.

Figure 6.10: The longitudinal transmission energies for systems with quantum dots
of width (a) 7 nm and (b) 100 nm with barrier widths of 7 nm.

These longitudinal resonant levels will not be perfectly sharp, but will transmit
a finite range of electron energies. Although we wish to restrict electrons to a very
narrow range, it is also necessary for the resonance to be wide enough that measurable current is achieved. The width of the resonance can be controlled by varying
the barrier widths. Wide barriers give sharp resonances, while narrow barriers give
very broad resonances as shown in Figure 6.11. Desirable barrier widths will be
discussed in Section 6.4.6.
The net quantum energy levels in the dot are the result of the transverse con-
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Figure 6.11: Logarithmic plot of the resonance transmission probabilities for bS/D
= 4, 5, 6 and 7 nm with d = 7 nm. m∗ = 0.023me .

finement in the y and z directions by the width of the nanowire and the longitudinal confinement in the x direction due to the width of the dot. Electrons will
therefore be selected according to their total energy, in essence realising kr -filtering,
as required. It should be noted that this method of kr -filtering is different from
that analysed in Chapters 3 and 4, which treated three-dimensional rather than
quasi-one-dimensional devices. Some advantages the three-dimensional kr devices
offered, such as significantly increased emission currents, are not applicable to onedimensional implementations of kr -filtering. This is because the nanowires achieve
total momentum filtering by quantising the transverse momenta, rather than including them in the emission selection mechanism. For each longitudinal transmission
energy, electrons may have any one of the allowed transverse energies, as illustrated
in Figure 6.12. The net quantum total energy levels in the dot are therefore found
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by superimposing the transverse levels on the longitudinal levels. Figure 6.13 shows
the net quantum levels calculated for 55 nm wide nanowires with 7 nm and 100 nm
quantum dots. The separation between adjacent levels is seen to be more complex
than those of the transverse or longitudinal energies on their own.

Figure 6.12:

The transverse energy levels, ε1 , ε2 and ε3 are combined with the

longitudinal transmission levels in the dot to give the net total energy quantum
levels. (Note that the levels have been exaggerated and only three transverse modes
are included in this figure for clarity).

6.4.3

Capacitance and charging energy

Measurements on quantum dot embedded nanowires show that they have small
capacitances and that Coulomb blockade effects are significant [92, 110, 111, 112].
This means that the spacing between electron energy levels in the dot is increased
by
∆ED = e2 /C

(6.22)

where C is the total system capacitance [122]. The origin of this additional energy
gap is the electrostatic repulsion an electron in the nanowire reservoir feels as a result
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Figure 6.13: The net quantum energy levels for systems with nanowire width of 55
nm, barrier widths of 10 nm and dot width of (a) 7 nm and (b) 100 nm. Circles
indicate two levels with the same energy.

of an electron being on the dot, due to the very small volume of the dot. Energy
levels that previously allowed two (due to spin degeneracy) or four (due to spin
degeneracy and transverse symmetry) electrons will therefore be split into distinct
levels. This is illustrated in Figure 6.14. Odd energy level gaps will always be equal
to ∆ED , since the levels would be equal without charging effects. Every second or
fourth energy gap will be given by ∆ED + ∆EN where ∆EN is the quantum level
spacing between the N th and (N − 1)th energy levels.
Typically reported values for ∆ED in InAs/InP systems range from 4 meV to
6 meV, depending on system dimensions [112]. Figure 6.15 shows the effective
arrangement of system capacitances in the quantum dot embedded nanowire system. Since all are in parallel with respect to the quantum dot, the total system
capacitance will be the sum of the source capacitance, CS , the drain capacitance,
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Figure 6.14: The net quantum energy levels are split and further separated in the
quantum dot due to charging effects.

CD , and the gate capacitance, CG . Here, the source refers to the end of the nanowire
that current flows into and the drain the end that current flows out of. The gate is
the material nanowire rests on, typically SiO2 insulated Si, which may be used to
vary the global potential of the nanowire via a gate voltage. The charging energy
and system capacitances may be determined in a relatively straight forward manner
from its stability diagram [123]. A stability diagram is a two-dimensional plot of
the differential conductance, dI/dV , versus source-drain bias voltage and gate voltage. Only bias/gate voltage combinations that have the electrochemical potentials
properly positioned with respect to the energy levels will allow current flow, which
results in large diamonds where the system is ‘blockaded’ and no current flows. The
size of the diamonds is related to the energy level structure of the device and the
capacitances, allowing them to be experimentally determined [123].
It has been shown that a good estimate of the behaviour of the capacitance with
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Figure 6.15: The capacitances in a quantum dot embedded nanowire. CS is the
source capacitance, CD is the drain capacitance and CG is the gate capacitance. A
bias voltage, VSD may be applied across the nanowire.

changing device geometry is given by the plate capacitor formula [111],
CP = εr ε0

A
t

(6.23)

where εr is the relative permittivity of the material, ε0 is the permittivity of free
space, A is the capacitor plate area and t the thickness of the layer between the
plates. Björk et al. report that CG scales linearly with the width of the quantum
dot, as Equation 6.23 predicts [112]. To estimate the capacitances of nanowires with
different configurations we will therefore scale the reported InAs/InP experimental
values according to the plate capacitor formula. For the source and drain, the
thickness, t, will be equal to the relevant barrier width and the area determined
by the width of the nanowire. For the gate capacitance, the area in contact with
the SiO2 is proportional to the length of the dot and the circumference/width of
the nanowire. Using the reported 1 aF gate capacitance for a dot length of 10
nm [112] and 13 aF source/drain capacitance with a barrier width of 5 nm [111],
both for nanowires of width 55 nm, the total capacitance in an arbitrary InAs/InP
double-barrier will be approximately given by
d
w
w2
C = 1aF
+ 13aF
5nm
10nm 55nm
(55nm)2



1
1
+
bS bD


(6.24)

where it has been assumed that the SiO2 thickness does not change. Using Equations
6.22 and 6.24 to calculate the charging energies, Figure 6.16 shows the final resultant
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net transmission energies for the resonant tunnelling nanowire device. It is noticed
that the energy levels are in groups of two or four as described and the spacing
is more regular than that of the net quantum levels. The charging energy of the
smaller 7 nm dot is lower due to its lower capacitance. One key conclusion drawn
from this analysis is that the smallest gap between transmission energies in such a
Coulomb blockaded system will always be ∆ED .

Figure 6.16: The net energy levels with charging effects for a quantum dot embedded
nanowire with 7-nm barriers, 55 nm wire width and dot width of (a) 7 nm and (b)
100 nm.

6.4.4

Required device structure

It is now possible to discuss how the nanowire device should be structured to achieve
an electron energy spectrum that meets the requirements described for near-Carnot
efficiency. There are two ways that the required energy filtering could be achieved.
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The first is to have a very low charging energy, ∆ED  kB T . In this limit, there
would effectively be no splitting of the net quantum energy levels relative to the
thermal energy. In this case, the quantum energy gap between the levels would
need to be at least a few kB T to ensure that a single transmission energy dominated
transport. Using Equation 6.22 for T = 10 K, realising this would require a very high
capacitance, C > 6000 aF. Based on Equation 6.24, the capacitance can be increased
by decreasing the barrier widths, increasing the dot width and increasing the wire
diameter. None of these options is desirable. Decreasing the barrier width increases
the width of the electron energy spectrum reducing electronic efficiency. Increasing
the dot width and wire diameter decreases the energy gap between adjacent quantum
energy levels, which we require to be large in this instance. This way of meeting the
energy filtering requirements is therefore not useful.
The second way to achieve the required energy filtering is to use the charging
energy to provide the required energy level spacing. In this case, ∆ED  kB T and
small capacitance is required, the opposite to the previous case. Since kB T ∼ 1
meV at 10 K, ∆ED ≥ 5 meV is desirable. Using Equation 6.22, this is realised
with a capacitance of 30 aF or less. This may be easily achieved with the InAs/InP
heterostructures discussed and the suitability of different configurations estimated
using Equation 6.24. Both the configurations shown in Figure 6.16 satisfy this
requirement. In fact, this means that any nanowire with sufficiently thick barriers
and a strong Coulomb blockade effect might make a suitable candidate for the energy
filtering of interest here. This regime of operation, ED  kB T , will be used here.

6.4.5

Proof-of-principle experiment

The resonant tunnelling nanowire device may be used in a proof-of-principle experiment showing efficiency approaching the Carnot limit and narrow electron energy
filtering in a thermionic device. It will be necessary to perform the experiment at
low temperatures, TH < 10 K, so that lattice heat backflow does not dominate heat
flow. At such low temperatures, electron-phonon coupling in semiconductors becomes very weak [124]. In these conditions it can be assumed that electron-electron
interactions will establish a quasi-equilibrium electron temperature that is indepen-
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An illustration of a quantum dot embedded resonant tunnelling

nanowire heterostructure on a SiO2 insulated Si wafer with contacts.

dent of the phonon temperature. One electron reservoir can be heated using a
heating current without phonon mediated heat flow to the cold reservoir. Therefore, in this low temperature regime, high efficiencies without phonon mediated heat
backflow should be possible.
InAs/InP heterostructure nanowires are obtained using slow growth chemical
beam epitaxy (CBE) under gold seed particles on a growth substrate. The resulting
nanowires are separated from the growth substrate and placed on a SiO2 insulated
Si wafer. The nanowires are then located on the wafer and contacts made using
lithographic techniques. Figure 6.17 shows an illustration of the double-barrier
heterostructure nanowire on the SiO2 insulated Si wafer with contacts made.
Since the global potential of the system can be varied via the gate voltage, the
magnitude of the energy level utilised is not critical and a dot of any width may be
used so long as the charging energy is sufficient. It might be desirable in a particular
experiment to use a narrow dot with strong quantum confinement, or conversely, a
wide dot so that the energy level used is close to the Fermi energy in the nanowire
reservoirs. In any case, the gate voltage should be tuned such that a suitable current
is achieved through the desired energy level. Increasing the gate voltage might be
viewed, in terms of Figure 6.9, as pushing both the hot and cold electrochemical
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potentials to higher energy. Here devices with a dot width of 7 nm, which gives
strong longitudinal confinement, will be considered. The source-drain bias on the
system will also be tuned so that the device operates in the power generation regime.
As is shown in Figure 6.18, increasing the bias decreases the occupation of states in
the hot reservoir and pushes E0 to higher energy. It is desirable to have E0 close
to the resonance for high efficiency, but increasing it too far causes E0 to exceed
the resonant transmission energy and the device shifts to the refrigeration regime of
operation.

Figure 6.18: (a) The cold and hot reservoir Fermi-Dirac distribution functions at
low bias, where E0 < Eres and the system acts as a power generator, with the
temperature gradient driving a current against the bias from hot to cold. (b) At
a larger negative bias, E0 shifts to higher energy, sweeping through the resonance.
The cold reservoir distribution function at Eres is now larger than that of the hot
reservoir causing current flow from the cold to hot side and the device acts as a
refrigerator. Efficiency in each case is higher when Eres is closer to E0 .

The overall width of the double-barrier/quantum dot energy filter (less than 30
nm with a 7 nm dot) will be less than the electron mean free path (∼ 60 nm at
300 K [125] and longer at lower temperature). It may therefore be assumed that
electronic transport through the heterostructure will be ballistic, as required.
Electrical currents may be easily measured experimentally. Techniques are be-

6.4. High-efficiency resonant tunnelling nanowire power generator

140

ing developed at the time of writing to measure temperature gradients across the
nanowire heterostructure and heat current flows. When performing an experiment,
one should be aware that there will be a Seebeck coefficient associated with the
contact between the three-dimensional leads and the one-dimensional wire. There
will also be a contact resistance associated with this.

6.4.6

Device performance calculations

The modelling in this section is done assuming that a single transmission mode
dominates transport and that we are operating in the regime where the charging
energy is large compared to the thermal energy. Transmission probabilities through
the resonant energy levels are calculated using the Airy function method described
in Section 3.5. Modifying Equation 6.4 to account for the fact there is no longer
spin degeneracy and using Fermi-Dirac statistics, the net electrical current out of
the cold reservoir of the resonant tunnelling nanowire is given by
e
IH =
h
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The net heat current flowing out of the hot reservoir is
1
Q̇H =
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(6.26)

In these equations E is the total resultant energy. The magnitude of E (due to
the level chosen) is unimportant in this analysis, since it may be offset by the
electrochemical potential in Equations 6.25 and 6.26, which is easily controlled in
the device via the gate and bias voltages. For reasons described above, the thermal
conductivity will be assumed to be zero for the low temperature measurements. The
geometry shown in Figure 6.9 with symmetric barriers is assumed and InAs/InP
parameters of φ = 0.57 eV, m∗InAs = 0.023me , m∗InP = 0.08me are used with TH
= 10 K and TC = 1 K. The electrochemical potentials are tuned for maximum
performance unless otherwise stated.
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Figure 6.19 shows that predicted efficiency increases as the width of the barriers
increases. At around b = 7 nm, the width of the resonance becomes less than kB T
and efficiency approaches the Carnot limit as theoretically predicted in Chapter 4.
If the barriers are not wide enough, the resonance is too broad and efficiency suffers.
There is little to gain in terms of efficiency by increasing the barrier width beyond
around 9 nm and doing so will reduce the magnitude of current in the device. With
currents generally low in nanowire systems, the thinnest barrier width giving the
required efficiency should be used, so that current and power are as high as possible.
Figure 6.20 shows device efficiency versus the cold reservoir electrochemical potential

Figure 6.19: Device efficiency relative to the Carnot value versus barrier width for
w = 7 nm. For each value of b, µC and V have been tuned to find the maximum
efficiency value.

of the system. The efficiency is very sensitive to small changes in the relative energies
of the electrochemical potential and the resonance. If the two are shifted away from
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one another by even a few mV efficiency drops dramatically. Since experimental
variations in device parameters such as effective masses and the barrier geometry
can significantly alter the resonant transmission energy, the electrochemical potential
must be finely tunable if high efficiency is to be achieved. As was discussed earlier,
this is possible through the gate voltage. Efficiency abruptly drops to zero as the
cold reservoir electrochemical potential is increased too far. This is because moving
it beyond Eres means electrons below µC , which flow from the cold to hot side
heating the cold reservoir (as discussed in Section 4.2) are being transmitted.

Figure 6.20: Efficiency relative to the Carnot value versus the cold reservoir electrochemical potential with fixed Eres .

Experimentally determining device efficiency requires the measurement of heat
current flow through the device, which might be very difficult in a single nanowire
system. It has been shown that the Seebeck coefficient approaches a theoretical
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maximum value when electrons are transmitted at E0 only, which is given by [80]
S0 =

1 Eres − µH
.
e
TH

(6.27)

Thus, in our system where efficiency should approach the Carnot limit, the measured effective Seebeck coefficient should correspondingly approach S0 . The effective
Seebeck coefficient can be measured more easily than the efficiency, requiring only
current and temperature measurements. How close the measured effective Seebeck
coefficient is to S0 will indicate whether or not the device is filtering the electron
energy spectrum as desired. Figure 6.21 shows the effective Seebeck coefficients calculated for systems of varying barrier widths, compared to S0 . Since wider barriers
have a narrower electron energy spectrum closer to the ideal, they have an effective
Seebeck coefficient that is closer to S0 as expected.

Figure 6.21: The effective Seebeck coefficient, S, as a function of µC for different
barrier widths as labelled. The maximum possible Seebeck coefficient, which is
associated with reversibility, S0 , is also included.
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Although phonon heat backflow would dominate heat transport, an experiment
demonstrating idealised electron transport at room-temperatures could also be performed with the resonant tunnelling nanowire device. This would require very low
capacitance, in the order of 1 aF, to provide the required separation between energy
levels. Using a barrier width of 10 nm (barrier widths beyond this result in very
small currents) and evaluating Equation 6.24 suggests that nanowires with diameters less than 15 nm would be required. In such a device, one would expect to
measure effective Seebeck coefficients approaching S0 at room-temperature.

6.5

Conclusions

In this chapter nanowire thermionic devices were analysed and the quantised nature
of the transverse energy levels was shown to result in them behaving in a significantly different manner to multilayer devices. Equations were derived for thermionic
emission in nanowire heterostructures that take into account the transverse quantisation. Although the equations were shown to reduce to the Richardson equation as
wire width becomes very large, the Richardson equation was found to not be appropriate for nanowires. A correction to a previous determination of the barrier height
of a nanowire heterostructure that was made using the Richardson equation was
presented. Calculations revealed that, in principle, very thin nanowire thermionic
devices with high electrochemical potentials are capable of outperforming conventional thermionic devices. It should be noted that the novel barrier potentials discussed in Chapter 5 could also be implemented in nanowire thermionic devices with
similar gains.
The transverse quantisation of energy in nanowires allows the development a
device implementing a type of kr -filtering. A resonant tunnelling quantum dot embedded thermionic device was proposed, in principle capable of achieving power
generation efficiencies approaching the Carnot limit. A detailed analysis of the energy level structure in quantum dot embedded nanowires revealed that InAs/InP
wires with barrier widths of about 7 nm and capacitance less than 30 aF are required. At the time of writing, the low temperature proof-of-principle experiment
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was in the process of being conducted at the University of Oregon, U.S.A. The
aim of the experiment is initially to provide evidence of ideal energy filtering the
device through effective Seebeck coefficient measurements, and eventually measure
efficiencies approaching the Carnot limit.

Chapter 7
Application of electron energy
spectrum principles to other
devices
The principles developed, related to the electron energy spectrum, apply to more
than solely solid-state thermionic devices. In this section this is illustrated by showing that the electron energy spectrum also has a significant impact on two other
devices that feature ballistic electron transport: nanometre-gap thermionic refrigerators and hot carrier solar cells.
Nanometre-gap thermionic refrigerators seek to overcome the problem of high
emitter work-functions by bringing the electrodes very close together so that significant electron tunnelling occurs. This is in contrast to the electron energy spectra
considered previously, where transmission has generally been restricted to energies
above the barrier whenever possible. The principles developed in earlier sections
allow the energy spectra of these devices to be analysed and desirable properties
identified.
Hot carrier solar cells have been proposed, which seek to reduce the losses of
conventional solar cells, to achieve higher efficiencies. In these devices electrons
heated by solar radiation are ballistically removed via energy selective contacts. A
new model describing this device for general one-dimensional contacts is presented
and used to show that the nature of their electron energy spectra has a significant
146
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impact on their efficiency.

7.1

Nanometre-gap vacuum thermionic refrigerators

7.1.1

Introduction

As was discussed in Chapter 2, a number of problems have limited the use of conventional vacuum thermionics to niche power generation applications and ruled out their
use for refrigeration. They suffer from the accumulation of space charge between
the electrodes which acts to increase the potential that electrons must overcome,
thus reducing emission currents [26]. A number of methods have been proposed to
overcome this problem. The device may be filled with a rarefied vapour, such as
Cesium, to neutralise the space charge [23]. Other methods include the use of magnetic fields and grids to accelerate electrons. Vacuum thermionic emitters also suffer
from high work-functions. While the work-function can be reduced by evaporating
alkali metals onto high work-function metals [126] and using oxygen additives [127],
work-functions lower than 1 V are difficult to achieve and maintain [52]. Values of
this magnitude are feasible for power generation where high temperatures may be
utilised to stimulate sufficient electron emission. At room-temperature, however,
direct solution of the Richardson equation reveals that the work-function needs to
be less than 0.34 eV in order to achieve useful cooling currents in the order of 1
A/cm2 or higher [29]. The major advantage vacuum thermionic devices have over
solid-state thermionic refrigerators is the lack of lattice heat backflow. Figure 7.1
shows a schematic of a vacuum thermionic refrigerator where, in this case, the
emitter-collector separation, d, would be in the order of nanometres.
Recent work by Hishinuma et al. has brought to light a new possibility allowing vacuum thermionic devices to achieve high enough emission currents for
room-temperature applications [52, 53, 54]. They pointed out that the peak of the
vacuum potential barrier under bias is significantly lower than the emitter or collector work-functions if the separation of the emitter and collector is in the order
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Figure 7.1: A schematic of a vacuum thermionic refrigerator with emitter-collector
separation d.

of nanometres [52]. It has only recently become possible to fabricate devices that
can maintain a vacuum-gap of this magnitude. They provided calculations showing
that this barrier lowering allows significant tunnelling and can result in high cooling currents [52]. Later they discussed how heterostructure emitters could be used
to further reduce the height of the vacuum potential and achieve higher still currents [53]. Experiments performed using a micro-fabricated cantilever with cesiated
metal-coated tip, confirmed measurable cooling currents using this technique [54].
Gerstenmaier and Wachutka have also presented a detailed model for calculating the
performance of nanometer gap vacuum thermionic refrigerators that include effects
such as non-planar electrodes [128, 129].
In this section we consider in detail the effect that the nature of the spectrum of
electrons transmitted between the cold emitter and hot collector has on thermionic
refrigerator performance.
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Calculations and discussion

The potential profile in a thin vacuum gap is given by [52]
"
#
∞ 
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nd
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+
−
e
d 4πε0 4x 2 n=1 n2 d2 − x2 nd

(7.1)

where Φ is the emitter work-function and Vbias is the emitter-collector bias voltage.

Figure 7.2: Vacuum potential profiles for different emitter-collector separations as
shown. Solid lines are for Vbais = 0 V and dashed lines for Vbias = 2 V.

For vacuum potential profiles, the WKB approximation is found to be in agreement with the Airy function based transmission probability calculation method. In
this section the WKB approximation, Equation 3.78, will be used as in [52, 53].
Vacuum thermionic devices are translationally invariant in the transverse plane and
as such are kx devices. Equations 3.10 and 3.22 are used to calculate the electrical
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and cooling currents, respectively, out of the cold electrode. The major loss in this
system is through radiation between the hot and cold electrodes,

Q̇r = σ TH4 − TC4 ,

(7.2)

where  is the emissivity and σ is the Stefan-Boltzmann constant. This is subtracted
from Equation 3.22 when calculating net heat current flow. The radiation loss term
is omitted when calculating the electronic COP. The cold reservoir electrochemical
potential will be taken to be 0 eV and, unless otherwise noted, the emitter workfunction will be 1 V. This is around that observed with Ag-O-Cs materials [52]. An
emissivity of 0.2 will also be used.
Figure 7.2 shows the potential profiles of vacuum barriers associated with different emitter-collector separations and bias voltages. With 2 V applied between the
emitter and collector, the width and height of the potential barrier are significantly
reduced allowing more tunnelling current to flow. The corresponding transmission
probability for each potential profile is shown in Figure 7.3. With narrow and biased
barriers, the tunnelling transmission probability both above and below the electrochemical potential is significant. As was discussed in Section 4.2, electrons below
the electrochemical potential heat the cold electrode, while those above it provide
cooling. A trade-off will therefore occur in determining the optimal bias-separation
configuration for refrigeration.
Figure 7.4 shows the cooling currents, electronic COP and COP with radiation
losses for vacuum thermionic refrigerators with emitter-collector separations of 3
nm, 6 nm and 10 nm in a room-temperature refrigeration scenario. The radiation
heat current, which must be overcome by the cooling current in order to achieve
refrigeration, is also shown. The 3-nm device has high cooling currents at low bias
since the resulting narrow potential barrier permits significant tunnelling. As the
bias on this system is increased, cooling current drops to zero at relatively low bias.
This is because tunnelling below the electrochemical potential becomes dominant as
more low energy electrons are transmitted, as shown in the transmission probability
(Figure 7.3). With wider emitter-collector separations, low-bias cooling currents are
small, but larger currents are possible at higher bias due to the additional width in
the potential barrier. This behaviour may be understood by considering the energy
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Figure 7.3: Transmission probabilities corresponding to the potential profiles shown
in Figure 7.2. Solid lines are for Vbias = 0 V and dashed lines for Vbias = 2 V.

spectrum of electrons transmitted in the devices, as shown in Fig. 7.5 when the
devices are under a bias of 2 V. With an emitter-collector separation of 3 nm, negative tunnelling current below the electrochemical potential is larger than cooling
current above it. Thus, no net cooling occurs at high bias with narrow emittercollector separations. As emitter-collector separation increases and the potential
barrier becomes broader (see Figure 7.2), negative tunnelling current is reduced
and net cooling occurs. It is not desirable to increase the barrier further, however,
to eliminate tunnelling current below the barrier peak energy altogether. For best
results, a trade-off must occur ensuring high tunnelling current above the electrochemical potential, while avoiding dominant tunnelling current below it. It should
be noted that achieving high cooling currents by applying large biases yields low

7.1. Nanometre-gap vacuum thermionic refrigerators

152

efficiency; an explanation will follow. However, if one is interested in only maximum
power, radiation becomes negligible and slightly wider emitter-collector separations
are preferable.
The electronic efficiency is low for the 3-nm device because the narrow potential
barrier has a transmission probability that rises very gradually to full transmission.
The wider emitter-collector separation devices are capable of achieving electronic
efficiencies closer to the Carnot value because they have sharply rising transmission
probabilities and fewer cool electrons are involved in transport.
With radiation losses included, it is found that the 3-nm device has the highest
maximum COP. This is because the devices with wider emitter-collector separations
only produce enough cooling current to overcome radiation losses at high bias, where
more work is being done to move electrons. This also shows that in the maximum
COP regime radiation losses should not be neglected.
Figure 7.6 shows the performance of devices with emitter-collector separation
of 6 nm in different temperature regimes and with a lower emitter work-function.
At higher temperatures, the device works significantly better, with higher electron
emission to overcome radiation losses. In this case, radiation losses are almost negligible and high efficiencies are possible. High emitter temperatures are the reason
wide-gap thermionic power generators are useful despite large work-functions. If the
work-function of the emitter is lowered at room-temperature, similarly high electron
emission is observed. Again, high efficiencies are possible with cooling currents being much larger than radiation losses. When operating at lower temperatures and
with larger temperature differences, the device performance is very poor.

7.1.3

Conclusions

It was shown that when designing a vacuum thermionic refrigerator, the nature of
the electron energy spectrum should be considered. Simply placing the emitter and
collector as close together as possible will not yield best device performance. If the
emitter-collector separation is too small, tunnelling current below the electrochemical potential, which heats the emitter, dominates over the cooling current. Similarly,
using very large bias voltages was found to be counter productive as this too can
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Figure 7.4: Cooling current, electronic COP and COP relative to the Carnot value
for different emitter-collector separations. Cooling current must be larger than the
radiation losses, shown as the horizontal line, in order for refrigeration to occur.
TC/H = 299/300 K.

7.1. Nanometre-gap vacuum thermionic refrigerators

154

Figure 7.5: The electron energy spectrum versus energy with Vbias = 2 V for different
emitter-collector separations as labelled. TC/H = 299/300 K.

increase tunnelling current below the electrochemical potential, reducing efficiency.
If maximum cooling current is the primary concern, moderate emitter-collector
separations should be used where larger bias voltages may be employed. Alternatively, if the COP is the primary concern and radiation losses are relatively high, low
emitter-collector separations should be used, giving maximum COP and higher cooling currents at lower biases. The most promising way to develop room-temperature
vacuum thermionic refrigerators is to combine new low work-function emitter materials with the nanometre-gap techniques described here.
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Figure 7.6: Cooling current, electronic COP and COP relative to the Carnot value
for different temperatures and lower emitter work-function with d = 6 nm. Note
that the COP for the system with TC/H = 149/150 K is zero.
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Hot carrier solar cells
Introduction

Solar cells have received increasing attention in recent years, with numerous groups
proposing novel implementations to realise higher efficiencies than conventional cells.
Figure 7.7 shows the band diagram for a conventional p-n junction solar cell, an
overview of how it operates and some of the important loss mechanisms involved
in the process. The processes are essentially symmetric for electrons and holes, so
only the electron processes are shown. An electron-hole pair is created through the
absorption of an incident photon. If the incident photon has energy in excess of the
semiconductor band gap, the additional energy is quickly lost as the electrons/holes
relax to the band edge. Energy is lost as the electron/hole traverses the junction
and the contact before it may be extracted to do useful work. Electrons and holes
may also recombine throughout the cell and the resulting photon might not be
reabsorbed. These loss mechanisms limit the efficiency of an ideally configured cell
to around 33% [130], with the best experimental conventional solar cells having
efficiencies of around 25% [131]. A number of novel solar cell devices have been
proposed to eliminate many of these losses so higher efficiencies may be realised.
Tandem cell devices use multiple cells with different band gaps to reduce losses due
to relaxation of electrons/holes to the band edges [5]. In these devices light travels
through cells with decreasing band gaps so that electron-hole pairs are created in
cells where their resulting energies are near the band edges. Multi-quantum well
solar cells are another device proposed, where quantum wells are used to capture
photons with energies as low as the well band gap, but maintain the voltage output
of the barrier material [132].
The hot carrier solar cell is a ‘third generation’ device that attempts to more
efficiently generate power from solar radiation by eliminating some of the losses of
the conventional cell. In the hot carrier solar cell, electrons are quickly removed
before they can thermalise to the band edge, avoiding this large loss [5]. Electronhole pairs are created in the semiconductor material by incident photons and are
maintained at a steady-state high temperature by the incoming solar radiation.
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Band diagram of a conventional p-n junction solar cell showing the

primary loss mechanisms. (Adapted from [5]).

Electrons/holes equilibrate with each other, but not with the lattice. In this regime,
there are no lattice heat losses in the system and high efficiency is possible. The hot
electrons/holes are ballistically removed from the semiconductor via energy selective
contacts to cold reservoirs against a potential gradient and may be used to do useful
work. Figure 7.8 shows the band diagram of a hot carrier solar cell and illustrates its
operation. The hot carrier solar cell might be considered to be a special case of the
thermionic device, where the hot reservoir temperature is maintained by radiation,
lattice heat flow is absent and both electrons and holes carry heat. Efforts are
currently underway to experimentally realise these devices.
Two detailed theoretical models of hot carrier solar cells have been presented to
date. The first, developed by Ross and Nozik, assumed negligible impact ionisation
in the absorber material [133]. In this case the heat drawn from the hot reservoir is
the same as that supplied by the radiation and the current drawn is equal to the incoming photon flux. Detailed analysis of particle conservation in such a device gives
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Band diagram illustration of a hot carrier solar cell. Here µe/h are

the cold electron/hole reservoir electrochemical potentials, µa the electrochemical
potential of electron-hole pairs in the absorber, TC the temperature of the cold electron/hole reservoirs, TH the electron/hole temperature in the hot absorber, EG the
absorber band gap with electrons/holes being transmitted through energy selective
contacts at µa + EU /2 and µa − EU /2 respectively.

non-physical results for the hot carrier solar cell, however, when impact ionisation
is negligible [134]. The second analysis was presented by Würfel who assumed that
impact ionisation was a dominant process [135]. In this case, only the heat drawn
from the hot reservoir is equal to that supplied by the incoming radiation. Würfel’s
model implicitly assumes that an infinite number of energy selective contacts exist
between the hot reservoir and the cold electron/hole reservoirs. It is also implicitly
assumed that the ballistic removal of electrons is done with Carnot efficiency (as will
be discussed later), which would require the energy spectra of the energy selective
contacts to be infinitesimally thin. Here, we will expand upon this model developed
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by Würfel to include the effects of a finite number of energy selective contacts, which
have an arbitrary electron energy spectrum. This is a more realistic model, which
changes the predicted behaviour of the device. It will be shown that the electron
energy spectrum of the energy selective contacts must be considered in order to
optimise device performance.

7.2.2

Hot carrier solar cell theory

Low dimensional structures are a prime candidate for the energy selective contacts
required for hot carrier solar cells [5]. Here, one-dimensional contacts will be assumed. These may be implemented, for example, in the form of an array of quantum
dot embedded nanowires (similar to those discussed in Section 6.4). To calculate
device behaviour, first the steady-state hot reservoir temperature, THSS , must be determined where the net radiation heat influx equals the net heat flow out of the hot
absorber reservoir. It will be assumed that the system is symmetric with respect to
electron and hole currents, which avoids any unphysical charging of the absorber and
means only one current needs to be considered in calculations (that due to electrons
here). The net incoming energy flow due to radiation is equal to the solar radiation
energy current minus the energy current radiated by the absorber, which is given
by [135]
Q̇rad

A
= 3 3 2
4π ~ c

Z

∞

EG



ΩA E 3
ΩE E 3
−
exp (E/kTS ) − 1 exp (E/kTHSS ) − 1


dE

(7.3)

where A is the area of the absorber, ΩA/E are the solid angles over which the cell
absorbs/emits radiation respectively and TS is the temperature of the sun. The net
heat current flowing out of the hot absorber reservoir is given by

Z 
E − µa
E − µa
2 ∞
ξ(E)dE
−
Q̇abs = 2N
h 0
exp [(E − µa )/kB THSS ] + 1 exp [(E − µe )/kB TC ] + 1
(7.4)
which is based on the one-dimensional Landauer equation in a similar fashion to
Equation 6.26. Here, it has been assumed that we have N identical contacts. A
summation over multiple contacts with different transmission probabilities could
replace multiplication by N if desired. The steady-state hot reservoir electron tem-
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perature, THSS , is found by numerically solving
Q̇rad = Q̇abs .

(7.5)

Here, ΩA/E will be taken to be π, corresponding to fully concentrated sunlight and
EG to be zero. In this case, Equation 7.3 reduces to


Q̇rad = σ (TS )4 − (THSS )4 .

(7.6)

Using the solution for THSS , the electrical current is calculated as

Z 
2e ∞
1
1
I=N
−
ξ(E)dE
h 0
exp [(E − µa )/kB THSS ] + 1 exp [(E − µe )/kB TC ] + 1
(7.7)
and power in the conventional way as
P = IV.

(7.8)

Efficiency is given by the output power divided by the energy flux supplied by the
sun
ηSC =

P
.
σ(TS )4

(7.9)

The device behaviour, calculated using these equations for a device with finite
width electron energy spectrum, will be compared to the results of Würfel’s model.
Würfel assumes the relationship between V and EU is [135]

eV
= 1 − TC /THSS .
EU

(7.10)

With energy selective contacts where electron transport occurs at one energy only,
the electrical and heat current integrals may be evaluated at that energy (as was
done in Section 4.3). In this case, efficiency is given by
ηSC =

N ×V ×I
eV
=
.
N × EU × I/e
EU

(7.11)

Since the right-hand side term of Equation 7.10 is the Carnot efficiency, it is implicitly assumed in the Würfel model that the heat in the hot absorber is converted
to power with Carnot efficiency. The only mechanism reducing overall hot carrier
solar cell efficiency from the Carnot value is the radiation from the absorber. This
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is why Würfel’s model assumes an infinite number of contacts, as zero power can be
produced by a finite number of contacts at Carnot efficiency. In a practical system,
another source of reduced efficiency will be the non-ideal nature of the electron energy spectrum. The efficiency given by Würfel’s model might therefore be taken to
give the limiting efficiency of the hot carrier solar cell.
Equation 7.10 may be used to calculate the steady-state hot reservoir temperature using Würfel’s model as [135]
THW =

TC
.
1 − eV /EU

(7.12)

Electrical current, power and efficiency are given by [135]
IW =


eσ 
(TS )4 − (THW )4 ,
EU




P W = σ (TS )4 − (THW )4 1 − TC /THW

(7.13)

(7.14)

and
η

W


(TS )4 − (THW )4
W
=
1
−
T
/T
C
H
(TS )4

(7.15)

respectively.

7.2.3

Calculations and discussion

In order to keep the results obtained general, the transmission probabilities associated with any particular structure will not be used here. Instead, as was done in
Section 4.5, we will use the Gaussian transmission probability, given by Equation
4.27, which approximates that of a transmission resonance. Both a very narrow
transmission probability, with width parameter w = 10−5 , and broad transmission
probability, with w = 10−2 , will be considered. These transmission probabilities
are shown in Figure 7.9. The sun and cold reservoir temperatures will be taken
to be TS = 6000 K and TC = 300 K respectively, EU to be 1 eV and A to be 1
cm2 . Calculations will also be performed for various numbers of contacts for each
transmission probability to determine the effect this has on device performance.
Figure 7.10 shows the calculated steady-state hot reservoir temperature, current,
power and efficiency versus bias for the narrow transmission probability systems. It
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Figure 7.9: The wide (w = 10−2 ) and narrow (w = 10−5 ) transmission probabilities
used in the calculations.

reveals that the more contacts the device has, the lower the resulting steady-state hot
reservoir temperature is. Since we have assumed a one-dimensional system, the heat
current through each contact is fixed. More contacts means more heat current can be
removed from the hot absorber reservoir allowing a larger net radiation inflow, and
therefore lower THSS and lower radiation losses. The device with 1016 contacts very
closely approaches the Würfel result. The device with 1010 contacts has low heat
current and is not able to sustain a temperature much below 6000 K. This is reflected
in the current and power for the 1010 contact device being considerably lower than
that predicted by Würfel’s model. However, maximising device performance for
these systems is not simply a matter of using as many contacts as possible. The
current is seen to drop to zero at a low value of VOC for the device with 1016 contacts.
With low steady-state hot reservoir temperatures, it does not take a large bias for
the current from the hot reservoir to be overcome by that from the cold reservoir;
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Figure 7.10: The equilibrium hot reservoir temperature, current, power and efficiency for hot carrier solar cells with narrow transmission probability energy selective
contacts (w = 10−5 ), with different contact numbers, N , as labelled. The thick lines
correspond to Würfel’s solutions. Note that the current, power and efficiency curves
for N = 1012 are almost indistinguishable from those of Würfel.

that is VOC is reduced. Since maximum power occurs when eV is close to EU , if
VOC is below this, maximum power is reduced. The device with 1012 contacts has
a higher THSS than THW , but reaches a maximum power very close to that predicted
by Würfel’s model. Maximum efficiency in the hot carrier solar cell corresponds to
maximum power, with maximum efficiencies of 85% being predicted. This analysis
shows that even with a very sharp, near ideal electron energy spectrum, results differ
from those of Würfel. For a device utilising many one-dimensional energy selective
contacts, an ideal number of contacts exists for maximum efficiency.
The results presented throughout this thesis might lead one to hypothesise that
energy selective contacts with broader transmission probabilities would give lower

7.2. Hot carrier solar cells

164

Figure 7.11: The equilibrium hot reservoir temperature, current, power and efficiency for hot carrier solar cells with wide transmission probability energy selective
contacts (w = 10−2 ), with different contact numbers, N , as labelled. The thick lines
correspond to Würfel’s solutions.

hot carrier solar cell efficiencies. Figure 7.11 shows that this is the case. The same
behaviour of the THSS solution with the number of contacts is found as was the case
with the narrow transmission probability; that is, more contacts leads to a higher
THSS . VOC for all the wide transmission probability devices analysed is seen to be less
than EU /e. In addition to the issue of many contacts leading to low THSS solutions,
the broadness of the electron energy spectrum also effects this. In precisely the
same way that was observed for single-barrier thermionic devices when devising
the sharpness indicator, a gradually rising, broad transmission probability in the
energy selective contacts will reduce VOC (see Section 5.3). These wide transmission
probability devices will therefore never reach efficiency as high as that predicted by
Würfel’s model.
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The width of the electron energy spectrum does then have a significant impact
on device performance and, as with other devices, sharp electron energy spectra
give highest efficiency. In this case, however, with many contacts and no lattice
heat backflow, a narrow electron energy spectrum is not necessarily a disadvantage
in terms of device power.

7.2.4

Conclusions

These results show that both the number of energy selective contacts (or the heat
current removed in a non-low-dimensional system) and the nature of their electron
energy spectra have a significant impact on the performance of the hot carrier solar cell and should be considered when developing devices. Calculations for any
specific system with low-dimensional energy selective contacts could be performed
if the transmission probability and materials parameters are known. The same
methodology could be used for a system with contacts of a different nature, by using appropriate equations for Q̇abs and I. It should also be noted that variations in
the transmission probability with bias voltage in practical systems may be important. In this model it was assumed the electron-electron relaxation time was very
fast. It would be interesting to extend the model to the case where electron-electron
relaxation time affects performance.
The fact that THSS is typically very large, in the order of 1000 K or more, will
create additional difficulties when choosing good energy selective contacts compared
to lower temperature devices. At these high temperatures, kB T ∼ 100 meV or more
meaning that a large portion of the transmission probability will be sampled. If a
narrow transmission band or resonance was to be used, this should be isolated from
other transmission probability features by a few hundred meV in order to achieve
the desired transport properties. If, for example, a general double barrier resonance
was to be used, high barriers would be required with the transmission level buried
deep inside the well and far from any other transmission levels if present. If quantum
dot embedded nanowires are used (as discussed in Section 6.4), a very large charging
energy and very low capacitance would be required.
If the same techniques could be used to prevent electrons from interacting with
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lattice phonons, one may wish to consider how such a device would perform with
thermionic removal of electrons/holes over conventional single-barriers. This may
be a much simpler device to realise. Although efficiency would be lower than with
energy selective contacts, it may still be higher than alternative solar cell technologies.
The calculations suggest that it is likely that a large number of energy selective
contacts will be required if low-dimensional contacts are used. For every 1 cm2 of
absorber area, up to 1012 contacts may be required. In a practical device, there will
be a limit to the number of contacts possible. Experimental electronic transport
through low-dimensional structures is not yet a fully mature field of research and
the development of devices with such large numbers of functional contacts will likely
be very difficult to achieve at present. For example, experiments examining electron
transport through quantum dot arrays often find that tunnelling behaviour only
occurs in several dots out of millions [136]. With the rapid progress being made,
however, it is not unreasonable to assume it may be possible to develop such devices
in the near future.

Chapter 8
Conclusions
In this thesis theory was developed describing electronic and heat transport due to
electrons in ballistic devices with arbitrary transmission according to either longitudinal or total momentum. The theory was used to examine the effect that the
electron energy spectrum has on thermionic devices and determine the attributes desirable for high efficiency operation. The energy spectra of solid-state multilayer and
nanowire thermionic devices were then analysed to determine how devices should be
structured to achieve a favourable electron energy spectrum and novel devices proposed with improved performance. Finally, it was shown that the energy spectrum
principles developed also apply to other emerging devices, specifically nanometregap thermionic refrigerators and hot carrier solar cells and, from this, one would
expect the results of this thesis to be applicable to other electronic devices.
In Chapter 3 a series of equations were presented allowing electrical and heat
currents to be calculated in devices. Two different ways of selecting electrons for
transport were considered. The first was the conventional ‘kx ’ thermionic device,
which is translationally invariant in the transverse dimensions and filters electrons
according to their momentum in the longitudinal direction only. The second was
the total momentum filtered ‘kr ’ thermionic device, which filters electrons according
to the their total momentum. The equations were presented using both MaxwellBoltzmann statistics, which provide simple equations for analytical manipulation
and calculation, and Fermi-Dirac statistics, which are accurate over all energies. It
was shown that the kx equations reduce to the Richardson equations for electrical
167
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and heat current as a special case when the same assumptions about electronic transport are made. Richardson-like equations were derived for the kr device allowing
comparison between single-barrier kx and kr devices.
These equations were used in Chapter 4 to determine how the fine details of the
electron energy spectrum affect the performance of thermionic devices. The direction
of energy resolved current and conditions for maximum power were discussed. It was
shown that unlike kr devices, the efficiency of kx devices is fundamentally limited
to be less than the Carnot limit due to the unavoidable spread of electron energies
in the unfiltered transverse directions. Calculations showed that the narrower the
energy spectrum and the sharper its rise from zero to full transmission, the higher
electronic efficiency will be. The maximum theoretical efficiency in a system with
losses was shown to be achieved by transmitting a band of electron energies. Devices
with kr -filtering were shown to be superior to those with kx -filtering in almost every
application due to higher maximum efficiency, a sharper electron energy spectrum
and a larger number emitted electrons.
It was shown that the formalisms used to describe electronic transport in thermionic
and thermoelectric devices reduce to the same form when considered over distances
of around the electron mean free path. This implies that they will have a similar
dependence on the nature of the electron energy spectrum. The density of states,
used in thermoelectric device calculations, and the transmission probability, used in
thermionic device calculations, were shown to be related.
Multilayer thermionic devices were considered in Chapter 5. It was shown that
wider single-barriers give a sharply rising energy spectrum for high electronic efficiency. The ‘sharpness indicator’ was proposed as an experimental measure providing insight into the nature of the spectrum. A number of solid-state potential
profiles with different resultant spectra were then considered. It was determined that
a sharply rising transmission probability with minimal reflection above the barrier
energy is desirable. Potential profiles with sharp features and wide mini-barriers
were found to have significant above-the-barrier reflection, resulting in low cooling
current and efficiency. Short-period superlattices, which may offer the advantage of
reduced thermal conductivity, were suggested to be the best planar barrier structure
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for thermionic refrigeration. The band structure of these was considered in detail
and it was shown that high cooling currents were possible with correctly structured
barriers.
In Chapter 6 the application of nanowires as thermionic devices was considered.
The Richardson equation is not valid in nanowires due to the strong quantisation of
transverse energies. Equations for thermionic emission in nanowire heterostructures
were derived. These were used to propose a correction to experimental measurements of heterostructure barrier heights in nanowires performed using the Richardson equation. The performance of single-barrier nanowire thermionic devices was
compared to that of conventional devices. It was shown that thin, appropriately
doped nanowire arrays can, in principle, provide the same or higher power than
conventional devices, with higher efficiency. The quantisation of transverse energy
was utilised to propose a device that might realise kr -filtering and restrict electrons
to a very narrow total energy range. A detailed analysis of the energy levels in
quantum dot embedded nanowires was performed, showing that a low temperature
proof-of-principle experiment could be carried out using such a device to measure
efficiencies approaching the Carnot limit.
The principles developed related to the electron energy spectrum will be relevant to many devices that utilise ballistic electron transport other than solidstate thermionic devices, as was shown in Chapter 7 where nanometre-gap vacuum
thermionic refrigerators and hot carrier solar cells were considered. In nanometregap vacuum thermionic refrigerators it was shown that a number of trade-offs occur
to achieve maximum performance. For example, the plate separation should be
small enough to achieve sufficient tunnelling current, but not so small that tunnelling current below the electrochemical potential dominates; and sufficient bias to
allow high tunnelling current is required, but not so large that efficiency is reduced
by doing too much work on electrons. With hot carrier solar cells, it was found
that efficiency was maximised with a certain number of energy selective contacts
and they should have a narrow electron energy spectrum.
There are a number of ways the principles in this work could be extended and
applied in new areas. Experimentally realising devices with kr -filtering would be a
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significant advance in the field. Research into this is currently being undertaken, for
example, by Shakouri and coworkers [66]. Should new thermionic devices proposed
prove successful in experiments, such as that proposed by Chao and Larsson [2],
it would be interesting to see if using a short-period superlattice in the place of
the wide barriers gives improved performance. Nanometre-gap vacuum thermionic
refrigerators and hot carrier solar cells have the potential to outperform current devices. It is hoped that the electron energy spectrum in practical devices developed
will be considered so that performance may be optimised. As the field of experimental nanowires advances, the exploration of thermionic refrigeration using nanowires
may become possible. Should it be possible to make devices with very narrow
nanowires arrays (with diametres around, say, 5 nm), these may have significant
potential for thermionic cooling applications. At the time of writing, experiments
are being conducted at the University of Oregon, U.S.A. attempting to perform the
proof-of-principle experiment and measure efficiency approaching the Carnot limit.
It is hoped that the insights learned from this experiment will provide motivation
to apply complex electron energy filtering in other thermionic and thermoelectric
devices. An important follow-on to the work presented here would be to extend it
to thermoelectric devices where electronic transport is diffusive. It is expected that
the electron energy spectrum of thermoelectric devices could be optimised in a similar manner to that which was described here for thermionic devices. Enhancing the
electronic properties of current state-of-the-art thermoelectric devices might provide
still higher figures of merit allowing more commercial applications to be realised.

Appendix A
The Richardson Equation in N
Dimensions
In this appendix generalised equations are derived for thermionic emission in an N
dimensional system.

A.1

N dimensional electrical current

Consider an (N-1)D surface of (N-1)D size A perpendicular to the x1 direction. In
time ∆t electrons travelling with speeds up to v1 = ~k1 /m∗ will clear a distance
of v1 ∆t perpendicular to the surface of ND volume Av1 ∆t. Given the electron ND
volume concentration is nN D , the charge in this ND volume is enN D Av1 ∆t and so
the current density – that is, the charge leaving the (N-1)D surface in unit time –
is enN D v1 . In k-space, the current density is given by
Z Z
Z
JN D =
. . . ev1 nN D (k)dk
(A.1.1)



−1
Z Z
Z
2
~k1
(~2 /2m∗ )(k12 + k22 + · · · + kN
)−µ
=e
...
2 exp −
+1
m∗
kB T
dk1 dk2
dkN
×
...
.
(A.1.2)
2π 2π
2π
Assuming kB T  eφ, the 1 in the denominator may be neglected (that is, the
Maxwell-Boltzmann tail of the Fermi-Dirac function may be used; see Chapter 3 for

171

A.2. N dimensional heat current

172

a detailed discussion),


Z Z
Z
2
~k1
)−µ
(~2 /2m∗ )(k12 + k22 + · · · + kN
JN D = 2e
...
exp −
m∗
kB T
dkN
dk1 dk2
...
.
(A.1.3)
×
2π 2π
2π
Integration over each direction may be treated separately. In the direction perpendicular to the emission surface, the minimum k1min required to overcome the
potential barrier is determined by ~2 k1 2min /2m∗ = eφ + µ. Evaluating the integral in
the direction of current flow gives






Z ∞
~k1
µ
dk1
kB T
−eφ
~2 k12
exp −
=
exp
.
exp − ∗
∗
2m kB T
kB T 2π
2π~
kB T
k1min m
The integrals over the other dimensions all give the same result
r

 2 2
Z ∞
~ k2,3,...,N dk2,3,...,N
1 m ∗ kB T
=
.
exp −
2m∗ kB T
2π
~
2π
−∞

(A.1.4)

(A.1.5)

Combining the terms yields the ND Richardson equation:
JN D = AN D T (N +1)/2 exp (−eφ/kB T ) ,

(A.1.6)

with ND Richardson constant
(N +1)/2 −N

AN D = 2(N +1)/2 π (N −1)/2 m(N −1)/2 kB

h

e.

(A.1.7)

So, for example, in 1D the temperature term in the prefactor varies as T , in 2D as
T 3/2 , in 3D as T 2 and in 4D as T 5/2 .

A.2

N dimensional heat current

The thermionic heat current may be derived using Equation A.1.1 where the charge
term, e, is replaced by the heat removed by the electron leaving the reservoir,
Eremoved = E − µ [71],

Z Z
Z  2
~
~k1
2
2
2
Q̇N D =
...
(k
+
k
+
·
·
·
+
k
)
−
µ
1
2
N
2m∗
m∗


2
∗
2
2
2
(~ /2m )(k1 + k2 + · · · + kN ) − µ dk1 dk2
dkN
× exp −
...
.
kB T
2π 2π
2π
(A.2.8)
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We break this up into N + 1 integrals, one for µ and one for each dimensions energy
component in the term Eremoved , for ease of evaluation such that
Q̇N D = I0 + I1 + · · · + IJ + · · · + IN .

(A.2.9)

The integral for the term I0 is






Z Z
Z ∞
2
~k1
~2 k22
~2 kN
~2 k12
I0 =
...
(−µ) ∗ exp − ∗
exp − ∗
. . . exp − ∗
2m
2m kB T
2m kB T
2m kB T
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dk1 dk2
dkN
µ
...
.
(A.2.10)
× exp
kB T 2π 2π
2π
Utilising Eq. A.1.5 for the integration over k2,...,N and evaluating the integral over
k1 we obtain
I0 =

1
~

r

m ∗ kB T
2π

!N −1



eφ
kB T
(−µ) exp −
.
2π~
kB T

(A.2.11)

Evaluating I1 , the integral involving k1 ,
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(A.2.12)
kB T 2π 2π
2π
Utilising Eq. A.1.5 for the integrals over k2,...,N and evaluating the integral over k1
gives
I1 =

1
~

r

m ∗ kB T
2π

!N −1



kB T
eφ
(eφ + µ + kB T ) exp −
.
2π~
kB T

Combining I0 and I1 we obtain
!N −1
r


kB T
eφ
1 m ∗ kB T
(eφ + kB T ) exp −
I0 + I1 =
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~
2π
2π~
kB T

(A.2.13)

(A.2.14)

Ignoring the prefactor terms, (eφ + kB T ) exp(−eφ/kB T ) might be regarded as the
contribution to heat current by one dimension, that in the direction of current
flow. Adding the integrals I2,...,N will give the additional contribution in the other
dimensions. Evaluating these
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(A.2.15)
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Using Eq. A.1.5 to evaluate the integrals over k1,...,j−1,j+1,...,N and integrating over
k1
Ij =

1
~

r

m ∗ kB T
2π

!N −2



eφ
exp −
kB T



kB T
2π~

Z
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(A.2.16)

then integrating over kj ,
Ij =

1
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m ∗ kB T
2π

!N −1



eφ
exp −
kB T



k B T kB T
.
2π~ 2

(A.2.17)

From the equation for Ij , it can be seen that each additional dimension will contribute an additional kB T /2 average heat removed per electron, in agreement with
the discussion in Chapter 3. Finally then, the generalised equation for the thermionic
heat current in an ND system is
Q̇N D

r

m ∗ kB T
2π

!N −1




eφ
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kB T exp −
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2
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exp −
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2
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2
e
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2π~



(A.2.18)
(A.2.19)
(A.2.20)
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[96] T. Mårtensson, C. P. T. Svensson, B. A. Wacaser, M. W. Larsson, W. Seifert,
K. Deppert, A. Gustafsson, L. R. Wallenberg, and L. Samuelson, “Epitaxial
III-V nanowires on silicon,” Nano Letters, vol. 4, pp. 1987–1990, 2004.
[97] K. Haraguchi, K. Hiruma, M. Yazawa, and T. Katsuyama, “The growth mechanisms of nanometer-scale GaAs, InAs and AlGaAs whiskers,” Journal of the
Electrochemical Society, vol. 153, pp. C1–5, 2006.
[98] B. J. Ohlsson, M. T. Björk, A. I. Persson, C. Thelander, L. R. Wallenberg,
M. H. Magnusson, K. Deppert, and L. Samuelson, “Growth and characterization of GaAs and InAs nano-whiskers and InAs/GaAs heterostructures,”
Physica E, vol. 13, pp. 1126–1130, 2002.

References

185

[99] N. Ozaki, Y. Ohno, and S. Takeda, “Silicon nanowhiskers grown on a
hydrogen-terminated silicon 111 surface,” Applied Physics Letters, vol. 73,
pp. 3700–3702, 1998.
[100] Z. H. Wu, M. Sun, X. Y. Mei, and H. E. Ruda, “Growth and photoluminescence characteristics of AlGaAs nanowires,” Applied Physics Letters, vol. 85,
pp. 657–659, 2004.
[101] Y. Wu, R. Fan, and P. Yang, “Block-by-block growth of single-crystalline
Si/SiGe superlattice nanowires,” Nano Letters, vol. 2, pp. 83–86, 2002.
[102] M. S. Gudisken, L. J. Lauhon, J. Wang, D. C. Smith, and C. M. Lieber,
“Growth of nanowire superlattice structures for nanoscale photonics and electronics,” Nature, vol. 415, pp. 617–620, 2002.
[103] A. I. Persson, M. T. Björk, S. Jeppesen, J. B. Wagner, L. R. Wallenberg, and
L. Samuelson, “In1−x Asx P nanowires for device engineering,” Nano Letters,
vol. 6, pp. 403–407, 2006.
[104] M. T. Björk, B. J. Ohlsson, T. Saas, A. I. Persson, C. Thelander, M. H. Magnusson, K. Deppert, L. R. Wallenberg, and L. Samuelson, “One-dimensional
steeplechase for electrons realised,” Nano Letters, vol. 2, pp. 87–89, 2002.
[105] K. Haraguchi, T. Katsuyama, K. Hiruma, and K. Ogawa, “GaAs p-n junction
formed in quantum wire crystals,” Applied Physics Letters, vol. 60, pp. 745–
747, 1992.
[106] K. Haraguchi, T. Katsuyama, and K. Hiruma, “Polarization dependence of
light emitted from GaAs p-n junctions in quantum wire crystals,” Journal of
Applied Physics, vol. 75, pp. 4220–4225, 1994.
[107] J. Wang, M. S. Gudisken, X. Duan, Y. Cui, and C. M. Lieber, “Highly polarized photoluminescence and photodetection from single indium phosphide
nanowires,” Science, vol. 293, pp. 1455–1457, 2001.
[108] Y. Cui and C. M. Lieber, “Functional nanoscale electronic devices assembled
using silicon nanowire building blocks,” Science, vol. 291, pp. 851–853, 2001.

References

186

[109] Y. Cui, Q. Wei, H. Park, and C. M. Lieber, “Nanowire nanosensors for highly
sensitive and selective detection of biological and chemical species,” Science,
vol. 293, pp. 1289–1292, 2001.
[110] M. T. Björk, B. J. Ohlsson, C. Thelander, A. I. Persson, K. Deppert, L. R.
Wallenberg, and L. Samuelson, “Nanowire resonant tunneling diodes,” Applied
Physics Letters, vol. 81, pp. 4458–4460, 2002.
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